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ABSTRACT 
The displacement discontinuity method is reviewed as a numerical 
technique for computing stresses and displacements distribution over a 
plane areà in a homogeneous, isotropic, linearly elastic material. The 
elementary solution for a single line crack in an infinite body is derived. 
The displacement function over the line segment is assumed to be linear of 
the form ax + b, where a and b are functions of the displacement at the 
extreme nodes of the line segment. The numerical technique used to over­
come the indefinite values of the analytical solution at the singular node 
points is explained. The problem of a pressurized line crack in an infi­
nite body is fully investigated. Also studied are the problems of a cir­
cular disk acted upon by uniform radial pressures, and a circular hole in 
a thin infinite plate subjected to uniaxial tensile loads. In all cases, 
values resulting from the application of the linear displacement disconti­
nuity method, the constant displacement discontinuity method and the theo­
retical method are examined and compared. The computer programs used to 
obtain the numerical results are documented in the Appendixes. 
1 
INTRODUCTION 
In a wide variety of engineering problems, it is necessary to find 
the stress and displacement distributions in an elastic continuum. When 
extreme accuracy or a general solution is not required, the solution to 
these problems can be of an experimental nature supplemented with the 
theory of elasticity. When high accuracy was sought, in years past 
scientists have reached for numerical solutions; but the human mind cannot 
grasp the complex behavior of any continua in one single operation. Thus, 
the idea of subdividing the whole system into smaller components, whose 
behavior is easier to comprehend, and then rebuilding the original system 
from such components to study the total behavior was a natural way for 
scientists to proceed. 
No attempt has been made in this treatise to explore the experimental 
solution, where the essential feature is the development of unique labora­
tory techniques. However, a reasonably sufficient coverage of the four 
primary methods employed in experimental stress analysis (Brittle coatings, 
strain gages, Photoelasticity and Moire') can be found in many references 
(4).l 
The numerical techniques are based on numerous classical mathematical 
procedures. Generally these methods can be placed into two categories: 
(i) the finite difference and the finite element procedures which are well 
known and well-documented in the literature and (ii) the "influence 
^The number in parentheses refers to references in the bibliography. 
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function" formulations which are comparatively new numerical methods for 
solving certain problems in solid mechanics. 
The familiar finite difference method (10) used to solve a problem 
gives a pointwise approximation to the governing equations. This model is 
formed by writing difference equations for an array of grid points and is 
improved as more points are used. With finite difference techniques, a 
number of difficult problems can be treated. However, when irregular geom­
etries are encountered or unusual specification of boundary conditions are 
present, the finite difference technique becomes difficult to use. 
The finite element method (10), in contrast, can accommodate such com­
plex and difficult problems as nonhomogeneous materials, nonlinear stress-
strain behavior, and complicated boundary conditions. The general descrip­
tion of the finite element method can be explained in a step-by-step proce­
dure. This sequence of steps describes the actual solution process that 
is followed in setting up and solving any equilibrium problem. Although 
the present summary is based upon a procedure developed for structural 
mechanics applications, it can be generalized for applications to other 
fields. The following six steps summarize the finite element analysis 
procedure: 
1. Discretization of the continuum. Discretization may be described 
as the process in which the given body is subdivided into an 
equivalent system of finite elements. The finite elements may be 
triangles, groups of triangles, or quadrilaterals for a two-
dimensional continuum. For ,three-dimensional analysis, the finite 
elements may be tetrahedra, rectangular prisms, or hexahedra. 
3 
Although some efforts have been made to automate the process of 
subdivision, essentially it remains a judgmental process on the 
part of the engineer. He must decide what number, size, and 
arrangement of finite elements will give an effective represen­
tation of the given continuum for the particular problem consid­
ered. 
2. Selection of the displacement models. The finite elements are 
assumed to be interconnected at a discrete number of nodal points 
situated on their boundaries. The displacements of these nodal 
points are the basic unknown parameters of the problem. A set of 
assumed displacement functions or models would represent only 
approximately the actual or exact distribution of the displacements 
within each element. For example, a displacement function is 
commonly assumed in a polynomial form, and practical considerations 
limit the number of terms that can be retained in the polynomial. 
Three interrelated factors influence the selection of a displace­
ment model. First, the type and the degree of the displacement 
model must be chosen. Second, the particular displacement magni­
tudes that describe the model must be selected. These are usu­
ally the displacements of the nodal points, but they may include 
derivatives of the displacements at some or all of the nodes. 
Third, the model should satisfy certain requirements which ensure 
that the numerical results approach the correct solution. 
3. Derivation of the element stiffness matrix using a variational 
4 
principle. The stiffness matrix consists of the coefficients of 
the equilibrium equations derived from the material and geometric 
properties of an element and obtained by use of the principle of 
minimum potential energy. The stiffness relates the displacements 
at the nodal points to the applied forces at the nodal points. 
The distributed forces applied to the structure are converted 
into equivalent concentrated forces at the nodes. The equilibrium 
relation between the stiffness matrix [k], nodal force vector {Q}, 
and nodal displacement vector {a} is expressed as a set of alge­
braic equations, 
[k]{a} = {Q} (1) 
The elements of the stiffness matrix are the influence coefficients. 
4. Assembly of the algebraic equations for the overall discretized 
continuum. This process includes the assembly of the overall or 
global stiffness matrix for the entire body from the individual 
element stiffness matrices, and the overall or global force or 
load vector from the element nodal force vectors. The most 
common assembly technique is known as the direct stiffness method. 
In general, the basis for an assembly method is that the nodal 
interconnections require the displacements at a node to be the 
same for all elements adjacent to that node. The overall equilib­
rium relations between the total stiffness matrix [k], the total 
load vector {R}, and the nodal displacement vector for the entire 
body {r} will again be expressed as a set of algebraic equations. 
[k]{r} = {R} (2) 
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These equations cannét be solved until the geometric boundary 
conditions are taken into account. A geometric boundary condition 
arises from the fact that displacements or stresses can be pres­
ser ibed at the boundaries of the body or structure. 
5. Solutions for the unknown displacements. The algebraic equations 
assembled in step 4 are solved for the unknown displacements in 
linear equilibrium problems. This is a relatively straightforward 
application of matrix algebra techniques. However, for nonlinear 
problems the desired solutions are obtained by a sequence of steps, 
each step involving the modification of the stiffness matrix and/or 
load vector. 
6. Computation of the element strains and stresses from the nodal 
displacements. In certain cases the magnitudes of the primary un­
knowns, the nodal displacements, will be all that are required 
for an engineering solution. More often, however, other quantities 
derived from the primary unknowns, such as strains and/or stresses, 
must be computed. In general, the stresses and strains are propor­
tional to the derivatives of the displacements; and in the domain 
of each element meaningful values of the required quantities are 
calculated. These meaningful values are usually taken as some 
average value of the stress or strain at the center of the element. 
Influence function techniques (3) are less well-known. The basic 
idea behind this approach is to imagine that a number of concentrated 
forces act simultaneously at different points in the body. Each force 
6 
acts independently of the others, and each exerts a certain Influence on 
the displacements and stresses at various points in the body. In partic­
ular, each concentrated force exerts an influence on the displacements and 
stresses at the locations of all the other forces. This numerical proce­
dure is a simplified version of a more general approach known in the lit­
erature as the Boundary Integral Equations method. 
In some respects, the displacement discontinuity method was originated 
from "the influence function" techniques. The basic features of this 
method may be explained with reference to a specific elasticity problem. 
This problem concerns the case of a very thin internal crack in an infinite 
body as depicted in Fig. 1. 
The coordinates n and s shown in Fig. 1 are respectively perpendicu­
lar and tangent to the curve C; they vary from point to point along the 
boundary. The two surfaces of this curve crack occupy essentially the 
same position. They are shown separated only for clarity. The terminology 
r 
c 
Fig. 1. Line crack in an infinite elastic body 
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CT^ and C~ is adopted because these curves denote, respectively, the posi­
tive and negative sides of the curve C with respect to coordinate n. 
If the crack is subjected to a pressure p, which may be considered to 
I 
vary in magnitude along the length of the crack, the surfaces of the crack 
displace with respect to one another. Let Ug(s, n-), U^(s, n-) and 
Ug(s, n+), Un(s, n+) denote the displacements in the tangent and normal 
directions of the negative and positive surfaces of the crack. The quan­
tity [Ug(s, n-) - Ug(s, n+)] defines the relative displacement in the s-
direction of the two crack surfaces. This quantity is called a displace­
ment discontinuity in the s direction, since the displacement Ug(s, n) has 
two values at any point along the length of the crack. The quantity 
[UjiCs, n-) - U^(s, n+)] is called a displacement discontinuity in the n-
direction. The fundamental task of the displacement discontinuity method 
is to determine the values of all these elemental displacement discontinu­
ities such that appropriate boundary conditions are met. The displacements 
and stresses anywhere in the body are, thereafter, determined uniquely by 
the distribution of displacement discontinuity along the crack. 
When an expression for the distribution of displacement discontinuity 
along the crack cannot be written in closed form, a numerical procedure 
must be employed. This numerical method requires only that the bounding 
surface of a particular region be divided into a finite number of line 
segments. These line segments are joined end to end at the nodal points. 
The displacement discontinuity at each node is a vector quantity that has 
two components (in two dimensional problems). Now, suppose that an 
8 
imaginary cut is made all along the boundary of the region considered. 
The cut defines two boundaries. In reality, these two imaginary boundaries 
coincide and define the single surrounding boundary of the region under 
consideration. Under specified boundary conditions, these two curves would 
dislocate and the relative displacement at the midpoint of each line segment 
will be the basic unknown parameters of the problem. The normal and shear 
stresses at the midpoint of the i-th segment can be expressed in terms of 
the displacement discontinuity components at the midpoint of all other seg­
ments. If we now specify certain values of the stresses at each midpoint 
along the surrounding curve, a system of algebraic equations is constructed, 
4 • ] 41 + I oj 
N . N 
= E + E (3) 
" j ns s j nn n 
where and Dg are the normal and shear displacement at the midpoint of 
each segment. A^^, A^^, A^^, A^^ are the matrices of influence coeffi-
ns sn ss nn 
cients and O^, are the specified boundary conditions at the midpoint 
of the i-th segment. This system of 2N equations by 2N unknowns (N is 
the number of segments) may be solved for and by standard numerical 
analysis methods. Finally, the state of stress and displacement can be 
computed at any point of the region in terms of these line segment normal 
and shear displacements. 
In view of the foregoing introduction, one might classify the displace­
ment discontinuity method as a "surface element" technique, because it re­
9 
quires only that the boundaries, i.e., the surfaces, of the region under 
consideration be discretized. On the other hand, the finite difference 
and finite element methods might be considered as "volume element" tech­
niques, because they require discretization of the entire region including 
the boundaries. The surface element method reduces a three-dimensional 
problem to a two-dimensional problem, or a two-dimensional problem to a 
one-dimensional problem. This method consequently enables one to solve a 
given problem in terms of fewer unknowns than are required for a comparable 
analysis using "volume element" techniques. 
The displacement discontinuity method was introduced by Crouch in his 
report entitled "Analysis of stresses and displacements around underground 
excavation" (3). Crouch assumed that the displacement discontinuity vector 
was piecewise constant along each of the N straight line segments that con­
stitute the curved or straight crack. This assumption of constant displace­
ment discontinuity led to an overestimation of the relative displacements 
between the crack surfaces, but it was shown that the results tend to the 
exact solution as the number of line segments are increased. 
Higher-order (linear and quadratic) displacement discontinuity ele­
ments have been developed recently by Crawford and Curran (2). Their ap­
proach was formulated by integration of the fundamental solution of a con­
stant displacement discontinuity established, previously by Crouch. An 
explanation of the procedure employed will be shown in later sections of 
this treatise. However, this higher-order functional variation displace­
ment discontinuity elementïgi'ttes better overall results than the constant 
10 
displacement discontinuity method. A number of numerical examples were 
presented to illustrate the improved accuracy of the linear and quadratic 
displacement discontinuity method when compared with the constant displace­
ment discontinuity method. The relative efficiency of these methods is 
determined on the basis of the solution for an equal number of elements. 
In all cases, convergence to the analytical solution was observed when the 
number of elements was increased. However, the rate of convergence to the 
exact solution was more rapid for higher-order methods. 
To improve the numerical results and for better geometrical approxi­
mation for the dislocated cracks, this treatise will assume that the dis­
continuity varies linearly over each line segment. The displacement func­
tion is of the form ax + b, where a and b are functions of the relative 
displacement discontinuity at the extreme edges of each line segment. It 
is shown that by employing this higher order approximation with a different 
numerical technique for integrating the fundamental solution, a better 
evaluation of the stresses and displacements over a place area in an infi­
nite, isotropic, linearly elastic body is obtained. 
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FUNDAMENTALS OF THE DISPLACEMENT 
DISCONTINUITY METHOD 
The formulation of the displacement discontinuity method is based on 
the theory of linear elasticity. The method uses the displacement poten­
tials to construct a system of algebraic equations involving only boundary 
displacements and stresses. This system of equations is obtained by em­
ploying the solution to the problem of a prescribed displacement disconti­
nuity function over a finite line segment in an elastic body. 
A problem in three-dimensional, isotropic elasticity can be reduced 
to the problem of solving Navier's equations subject to the appropriate 
boundary conditions. 
''"l + «1% - » landj - 1.2,3 (4) 
where stands for the three independent variables x, y, and z, and 6 
denotes the partial derivative operator. is the Laplacian operator; and 
U^ are the three displacements U^, Uy, and Ug. 
Analytical solutions to this problem are quite difficult to obtain, 
and the number of problems that have been solved in an exact fashion to 
date is relatively small. One of the successful approaches to date has been 
through the use of the Papkovitch-Neuber functions (8). Papkovitch and 
Neuber observed that the general solution to Navier's equations may be 
written as follows: 
Ui = Bi - 4(i^_ V) I -gq- Bk + 3) i and k = 1,2,3 (5) 
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Where Xg, Xg) and 3 are known as Papkovltch-Neuber functions or 
simply displacements potentials. These functions are harmonic, i.e., they 
satisfy Laplace's equation: 
V*Bi = 0 i = 1,2; 3 ; 
= 0 (6) 
The stresses corresponding to displacements in (5) are found 
by computing the strains e^j and substituting these into the stress-strain 
relations. The strain tensor is defined in terms of derivatives of the 
displacements as follows: 
®ij = %(Ui,j + Oj,i) (7) 
The stress-strain relations for a linearly, elastic, homogeneous, isotropic 
material may be written as follows; 
0ij = 2G(eij + ^ ^ 2v ^  ®kk ^ij) (8) 
In these equations, V is Poisson's ratio and G is the shear modulus. 
The displacements and stresses in terms of the Papkovitch-Neuber func­
tions can be derived by combining equations (5), (6), (7) and (8). The 
algebraic manipulations involved in this process are rather lengthy if they 
are written in full detail. Avoiding all intermediate steps which can be 
followed in many references (3), the strain and stress tensors can be 
written as follows: 
= 4(1^- " 2v)(Bij + Bj i) + Xk^k.ij + ^,ij] (9) 
and 
13 
+ »j.i) - Vk.ij -
"'• ®k,k ^Ij] (10) 
Where the symbol 9^j is the Kronecker delta and is defined as follows: 
ÔU. 
= 0, if i ^ j, and 9^j = 1, if i = j, and j = . 
To solve for the displacement and stress distributions using displace­
ment potentials, the Papkovitch-Neuber functions must be determined. Often 
this is difficult to do, however, a simplified version of this type of 
problem can be considered. One such case occurs when the stresses or dis­
placements along the horizontal plane of a semi-infinite elastic body are 
specified. The reason for this consideration is that the fundamental solu­
tion of the displacement discontinuity method is sought, primarily, over 
a line segment that occupies a limited portion along the horizontal axis. 
This line segment may be acted upon by either a normal stress and/or a shear 
stress. Therefore, two particular representations for the Papkovitch-
Neuber functions in two dimensions are required. 
The first representation deals with the case where the horizontal 
plane is free from shear stress, i.e., o^y = 0, on y = 0 for 
- 00 < X < + 0° . Equation (10) shows that o^y will be zero when y = 0, 
provided that B and 3 are such: 
(11) 
It is convenient, at this stage to introduce the harmonic function $ 
defined in terms of B as follows: 
14 
f ' - 4(î4-^=y »» 
From equation (11), along with equation (12), B and 3 are given by: 
By = - 4(1 - V) || 
3 = - 4(1 - V) $ (13)' 
Omitting the details of the intermediate computation, substitution of equa­
tions (13) into (9) and (10) yields the following expressions for the dis­
placements and stresses in terms of a harmonic function 0 , see reference 
(3). 
Ux(x,y) = (1 - 2V) -g + y 
Uy(x,y) - 2(1 - V) ^  + y 
axx(x,y) = 2G( ^  + y ^ ) 
ayy(x,y) = 2G( -p - y "l^) 
C^xy(x,y) = - 2Gy gyZ (14) 
The second representation deals with the case where the horizontal 
plane is free from normal stress, i.e., Oyy = 0, on y = 0 for 
-00 < X < + <» . Equation (10) shows that Oyy equals zero on y = 0 if 
B and 3 are such: 
$ - 2(1 - V) By (15) 
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If a new harmonic function W is introduced in a similar way to the 
first case, it can be defined in terms of By as: 
"E - - 4(1^- V) (16) 
from equation (15), along with equation (16), By and 3 for this case are 
given by; 
By = - 4(1 - V) ^  
3 = _ 8(1 - v)2 /y -g (x,0 dK (17) 
Substitution of equation (17) into (9) and (10) gives the following expres­
sion for the displacements and stresses in terms of the new harmonic func­
tion Y , see reference (3). 
gw gZw 
Ux(x,y) = - 2(1 - V) - y 
(SM' 
Uy(x,y) = - (1 - 2V) -^ + y 
°xx(x.y) = 2G(2 + y grâF ) 
OyyU , y )  = - 2G y 
A2m r3m 
Oxy(x,y) = 2G( + y gp ) (18) 
Using the principle of superposition, it is possible to combine these 
two particular solutions to specify general stress boundary conditions for 
the horizontal plane. Hence, the following expressions for the displace­
ments and stresses in two-dimensional bodies may be written as follows: 
16 
U,(x.y) . _ 2(1-.)^  + 4-
U y ( x , y )  _  _ 2 ( 1 _ V ) ^  _  ( l _ 2 v ) g  +  W  +  M )  
OxxCx.y) . 2G [ *!# + 2 ), 
Oyy(x.y) . 2G [ *!* _ y *!,( + *2 )] 
Oxy(x.y) = 2G [ _ y )] (19) 
These expressions are dependent on the material properties and the 
two harmonic functions 0(x,y) and W(x,y). Different choices for these 
harmonic functions will correspond to certain specified values of stresses 
or displacements along the horizontal plane. 
This briefly outlines the major steps needed to express the displace­
ments and stresses in terms of the potential functions 0 and W. However, 
these potential functions were found for a particular choice of the 
Papkovitch-Neuber functions It was convenient to eliminate the multi­
plication by xj^ in equations (9) and (10); therefore, is set equal 
zero. The mathematic manipulations used to derive the foregoing equations 
were not shown in detail, however, a detailed explanation can be found in 
Crouch's report (3). 
17 
DISPLACEMENT DISCONTINUITY IN AN INFINITE BODY 
The analytical solution to the problem of a linear displacement discon­
tinuity over a two dimensional plane area in an infinite, isotropic, line­
arly elastic body, can be found by assuming that the plane area has a unit 
thickness in the z-direction. It is considered that the linear displace­
ment discontinuity occurs over a finite line segment. 
The problem of a linear displacement discontinuity over a finite line 
segment in an infinite body is characterized by the fact that displacements 
are continuous everywhere in the body, except over the line segment under 
consideration. This line segment can be considered as a thin, line crack, 
occupying a certain position along the x axis, |x| < a on y = 0. The line 
is assumed to have 2 surfaces. One surface is on the positive side of 
y = 0 denoted y = 0+ , and the other surface is on the negative side of 
y = 0 denoted y = 0- . A schematic illustration of this line segment is 
shown in Fig. 2. 
Fig. 2. Line segment |x| < a, along the x- axis on y = 0 
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Under a specified external load this line crack would dislocate, and 
each point along the line segment will undergo a change of position along 
the two opposite surfaces that constitute the line crack. Let U(x,y) be 
the displacement vector, and D the relative displacement vector at each 
point so that: 
D = U(x,0-) - U(x,0+) , |x| < a (20) 
The two-dimensional vector equation can be decomposed into two scalar 
equations: 
0% = Ux(x,0_) - Ux(x,0+) , |x| < a 
Dy = Uy(x,0_) - Uy(x,0+) , |x| < 3 (21) 
Assuming a linear distribution of the relative displacement in the y 
and X component along the crack, an explicit expression for the displace­
ment discontinuity can be derived as a function of the relative displace­
ment at both ends of the line segment under consideration. 
Since the displacement discontinuity is in an infinite body and since 
it is required that the displacements and stresses vanish at infinity, then 
a condition of symmetry is imposed with respect to the line y = 0, see 
Fig. 3. It follows that the components of U(x,y) in the x and y directions 
can be expressed as a function of x as follows: 
U(x,0) = ( ) Dl + ( ) Di (22) 
19 
+a -a 
Fig. 3. Segment |x| < a under dislocation 
1 2 
where and are the relative displacement vectors at nodes 1 and 2 of 
the line segment i. 
Ux(x,0) = ( *2% * ) (Di)x + ( %% * )(Di)x 
Uy(x,0) = (^^)(D^y + ( ^2%-^ (23) 
Since Ux(x,0) and Uy(x,0) are independent quantities, the problem of vari­
able displacement discontinuity over the line segment |x| < a, on y = 0 
can be treated as two separate parts: 
i) Linear discontinuity in the displacement Uy(x,0) normal to the 
line segment as shown in Fig. 4a. 
ii) Linear discontinuity in the displacement U^(x,0) parallel to the 
line segment as shown in Fig. 4b. 
20 
3»X 
Fig. 4a. Linear displacement discontinuity normal to |x| < a 
r- ' 
y > 0 
1 ly 
(Di)x (Oi)x 
y < 0 
Fig..4b. Linear displacement discontinuity parallel to |x| < a 
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In both cases, zero stresses and displacements are required at large 
distances from the localized phenomena occurring at the line segment. 
In the next section, the analytic solution to the problem of a linear 
displacement discontinuity ^ (x,y) over a plane area in an infinite, iso­
tropic, linearly elastic body is derived. This displacement discontinuity 
function has two components, Dx(x,y) and Dy(x,y). These two components 
are independent quantities; therefore, the problem of a linear displace­
ment discontinuity over a line segment |x| < a, on y = 0 is treated in two 
separate parts. First consider the case of a linear discontinuity in the 
displacement Uy(x,0) normal to the segment, and second examine the case of 
linear discontinuity in the transverse displacement Ux(x,0). 
22 
LINEAR DISPLACEMENT DISCONTINUITY Dy(x,0) 
The analytic solution to this problem is sought over the interval 
|x| < a, y = 0. The displacement Uy(x,y) is continuous everywhere except 
on this specified interval. The condition of zero displacements and 
stresses at infinity implies that the horizontal axis y = 0 is a line of 
symmetry. It follows that the shear stress o^y is zero everywhere oft y = 0, 
and that Uy(x,0) is zero for |x| > a. 
The boundary conditions for the problem of a linear displacement dis­
continuity over the line |x| < a, on y = 0 may be stated as: 
q^y = 0 , _oo< x < « >  ,  y  =  0  
Uy( x , y )  = 0  , |x|  >  a  ,  y = 0  
y^m Uy(x,y) - y^m Uy(x,y) = Dy(x,0) , |x| < a (24) 
By symmetry, the y components of displacement on opposite sides of the 
crack are equal in magnitude but of opposite sign. 
Uy(x,0_) = h  Uy(x,0) |x| < a , y = 0 
Uy(x,0+) = -h Uy(x,0) |x| < a , y =0 (25) 
The problem of linear displacement discontinuity along the y direction 
can also be stated in an equivalent way for the half space y ^  0 as follows: 
^xy = 0 > -oo<x<-H» , y = 0 
and 
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Uy(x,y) = -h [( ^2a * )(Di)y + ( ^ )(Di)y] , y=0 , |x| < a 
Uy(x,y) =0 , y = 0 , |x| > a 
(26)  
From equation (14), the expression for Uy(x,y) in terms of the function 
0(x,y) on y = 0 can be stated as: 
Uy(x,0) = - 2(1 - V) || (27) 
The boundary condition for is the same as that for Uy(x,0), 
thus: 
f = . -0 
- ^ = 0  | x |  >  a  ,  y  =  0  ( 2 8 )  
The displacement potential 0(x,y) is a harmonic function and there­
fore the function is also a harmonic function. Hence, the problem de­
fined by the above boundary conditions is solved by finding a harmonic 
function that satisfies the following conditions: 
# ) - " • . y > 0 
with 
If = 8a(l^- V) - (Dl)y) x + a ((D^)y + (Di)y)] for 
|x| < a , y = 0 
= 0 |x| > a , y = 0 (29) 
6$ 
To obtain an expression for the harmonic function in the half plane 
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y > 0, with this specific boundary condition; the exponential Fourier 
transformation (Ea) with respect to x is used (1). Let ^^(x,y) be the expo­
nential Fourier transform of '^(x,y). 
4^(«,y) = /_% ^(x,y) dx (30) 
The exponential Fourier transformation (Ea) has the following opera­
tional property: 
E«:( -^ ( )) = 
and 
)) = ^y2 *e(=.y) (31) 
The problem defined by equation (29) transforms into the problem: 
j2 
-cc2 ^^(a,y) + 4^(x,y) = 0 y > 0 
Ea(F(x)) = fgX») (32) 
where F(x) is the value of on y = 0, and fg(x) is the Fourier transform 
of F(x). The solution to this problem is: 
^^(=,y) - A(«) e"y + E(=) e-*y (33) 
Since the solution is a finite solution as y tends to <», the func­
tion A(œ) has to be zero, i.e., A(«) = 0. The solution will have the 
following form: 
4^ (=,y) = B(=) e-*y 
^^(=,0) = B(=) (34) 
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with the imposed boundary condition defined by: 
ipe(".0) = Ea(F(x)) = fg(«) = B(=) (35) 
The solution can be expressed in terms of fe(°=) as follows; 
4^(=,y) = fe(=) e-=y (36) 
The convolution theorem states that the Fourier transform of the 
product of two transforms is the convolution, that is: 
G(oc) H(a) e-°^ d« = g(n) h(x - n) dn (37) 
In the particular problem here the convolution theorem gives: 
+ y2 dc . y > 0 (38) 
where 
E.( ) = e-=y (39) 
The result in equation (39) is found in the appendix of reference (3). 
The solution in equation (39) is known as the Poisson integral for the 
half plane y > 0, or the Schwarz integral formula. The displacement func­
tion F(x) could be a polynomial of any order. Using a polynomial of the 
first order, i.e., a linear function such as in equation (29), the Schwarz 
formula can be integrated to give: 
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5 $  _  y  r r / a + X x ,  _  y  .  y  
«7 - 8,3(1 - V) -T' ' ( IZ-r-; - arccan TTIT > " 
h ln(y^ + (x + a) 2) - îg ln(y^ + (x - a)^)] (D|)y + 
[ ( ) ( arctan " arctan ) + 
ig ln(y: + (x + a):) - % ln(y% + (x - a)=)] (Di)y] (40) 
The potential function $(x,y) is a function of two variables x and y. 
The integration of the partial derivative of 0 with respect to y will yield: 
*(*'?) = 8wa(/- V) ( arctan - arctan ) + 
h ((x + a)^ - y^) (ln(y^ + (x + a)^ - ln(y^ + (x - a)+ 
a^ ln(y2 + (x - a)^)] (D^ïy ] + 
87ra(/- V) [[y(a " ^ arctan - arctan ) -
h ((x - a)2 - y^) (ln(y2 + (x + a)^ - ln(y^ + (x - a)+ 
a^ ln(y: + (x + a):)] (Dj)y ] + f(x) (41) 
where f(x) is a function of the variable x only. The property that 0(x,y) 
is a harmonic function leads to the fact that the second derivative of 
f(x) with respect to x is zero. Therefore, f'(x) is constant and f(x) is 
a linear function. 
f(x) = Cx + D (42) 
where C and D are two constants of integration. The condition of zero dis­
placements at infinity requires that the constant C be zero. Constant D 
will be left as an arbitrary constant with no affect on the displacements 
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and stresses because the value of these entities are functions of at least 
the first derivatives of 0(x,y). 
The displacements and stresses associated with the potential function 
$ are found from the results obtained by considering the first boundary 
problem associated with the Papkovitch-Neuber functions in two dimension; 
see equation (14). 
To simplify the lengthy expressions of the stresses and the displace­
ments, two functions f(x,y) and g(x,y) are defined as: 
$(x,y) = f(x,y) (Di)y + g(x,y) (Di)y (43) 
where 
f(x,y) = y(x + a) ( arctan ^  ^  ^  - arctan ^  ^  ^  ) + a^ ln(y^ + (x - a)^) 
+ % ((x + a)2 - y^) (ln(y^ + (x + a)^ - ln(y^ + (x - a)^) 
g(x,y) = y(a - x) ( arctan ^  ^  ^  - arctan ^  ^  ^  ) + a^ ln(y^ + (x + a)^) 
- % ((x - a)2 - y^) (ln(y^ + (x +. a)^ - ln(y^ + (x - a)^) (44) 
Substitution of equation (43) into equation (14) yields the following 
results; 
Ux(x,y) = ((1 - 2V) ^  + y-|^) (Di)y + 
((1 - 2V) + y ) (D;)y 
Uy(x,y) = (-2(1 - V) + y ) (Di)y + 
(-2(1 - V) + y ) (Di)y 
=  2 G [ ( +  y  )  ( D i ) y  +  
( + y ^  ) (Di)y] 
28 
•'yy (x,y) = 2G[( 0y2 - y 0y3 (D-), 
-
y ^  ) (Di)y] 
Jxy (x,y) = ~ y ôx Ôy2 (°i)y - y '"l'yi (45) 
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LINEAR DISPLACEMENT DISCONTINUITY D^Cx.O) 
The condition of linear discontinuity D^(x,0) in the x component 
over the segment |x| < a on y = 0 can be expressed as: 
lim Ux(x,y) - lim Ux(x,y) = Dx(x,0) , |x| < a (46) 
y-»-0~ y->0+ 
By analogy with the previous discussion, the boundary conditions to this 
problem can be written as follows: 
OyyCx.y) = 0 , _œ < X < œ , y = 0 
U^ ( x , y )  = 0  , |x |  >  a  ,  y = 0  
lim U (x,y) - lim U (x,y) = D (x,0) , |x| < a (47) 
y-K)- y-KH-
This problem may also be visualized as two half-space problems: One 
for the region y £ 0 and the other for the region y > 0. For the upper 
half-space, y > 0, the boundary conditions are; 
Oyy = 0 , _œ < X < m , y = 0 
U^(x,y) = -% [( ^ 2a * ^ ^°i^x ^ ^2a * )(Di)x] » y = 0 . I*! < & 
Ux ( x , y )  = 0  , y =  0  ,  |x |  >  a  
(48) 
the expression for Ux(x,y) as a function of H'(x,y) on y = 0 is; 
Ux(x,y) = - 2(1 - V) (49) 
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w h e r e a c q u i r e s  t h e  s a m e  b o u n d a r y  c o n d i t i o n s  s p e c i f i e d  f o r  U ^ ( x , 0 ) :  
f = -iMr I"! y = ° 
- ^ = 0  | x | > a , y = 0  ( 5 0 )  
The displacement potential Y(x,y) is a harmonic function; therefore, 
the function is also a harmonic function. Hence, the problem defined 
by the above boundary conditions can be solved by finding a hamonic func-
tion that satisfies the following conditions: 
^  °  '  _ c o < x < c o  ,  y > 0  
with 
If " 8a(l^- V) - (Di)x) x + a ((Di)* + (Di)*)] for 
|x| < a , y = 0 
• | ^ = 0  | x |  >  a  ,  y  =  0  ( 5 1 )  
To obtain an expression for the harmonic function in the half plane 
y > 0, with this specific boundary condition, the exponential Fourier 
transformation Eq. with respect to x is used (1). With the aid of the con­
volution theorem, the formal solution will take the following form: 
i /-a (X ! t)''+ " • y ^ ° (52) 
This solution is known as the Poisson integral formula or the Schwarz 
integral formula. The displacement function F(x) could be a polynomial 
of any order. Using a polynomial of the first order for instance, the 
Schwarz integral formula leads to: 
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y  r r / a  +  x s ,  y  y  
6? = STrad - V) "7" ^ - arctan ) -
h ln(y^ + (x + a) 2) - îj ln(y^ + (x - a)^)] (Di)^ + 
[ ( ) ( arctan - arctan ) + 
h ln(y2 + (x + a) 2) - Î5 ln(y^ + (x - a)^)] (DÎ^)x (53) 
The potential function Y(x,y) is a function of two variables x and y. 
The integration of the partial derivative of Y with respect to y will yield: 
= 8TTa(/- V) ( arctan - arctan ) + 
k ((x + a)^ - y^) (ln(y^ + (x + a ) ^  -  l n ( y ^  +  ( x  -  a ) +  
a^ ln(y2 + (x - a)^)] (D?)* ] + 
87ra(l^- V) ( arctan - arctan ) -
% ((x - a)2 _ y2) (In(y2 + (x + a)2 - ln(y^ + (x - a)+ 
a^ ln(y2 + (x + a)*)] (Di)^ ] + Cx + D (54) 
where C and D are two constants of integration. The condition of zero 
displacements at infinity requires the constant C to be zero. Constant D 
will be left as an arbitrary constant with no affect on the displacements 
and stresses because their expressions are function of at least the first 
derivatives of the function Y(x,y). 
The displacements and stresses associated with this potential function 
Y are found from the results obtained by considering the second boundary 
problem associated with the Papkovitch-Neuber functions in two-dimensions, 
see equation (18). 
To again simplify the lengthy expressions of the stresses and the 
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displacements, two functions f(x,y) and g(x,y) are defined as follows: 
I'Cx.y) = f(x,y) (Di)x + g(x,y) (Di)* (55) 
where 
f(x,y) = y(x + a) ( arctan ^  ^  ^  - arctan ^  ^  ^  ) + a^ ln(y^ + (x - a)^) 
+ % ((x + a)^ - y^) (ln(y^ + (x + a)^ - ln(y^ + (x - a)^) 
g(x,y) = y(a - x) ( arctan ^  ^  ^  - arctan ^  ^  ^  ) + a^ ln(y^ + (x + a)^) 
- % ((x - a)^ - y^) (ln(y^ + (x + a)^ - ln(y^ + (x - a)^) (56) 
substitution of equation (53) into equation (18) yields the following 
results: 
Ux(x,y) = (-2(1 - V) + y ) (Di)x + 
(-2(1 - V) - y "0# ) (DÏ)x 
Uy(x,y) . ( - (1 - 2V) 4Ê + y ) (D:)x + 
( - (1 - 2V) + y ) (Di)x 
C^x(*»y) = 2G[i2 gy + y gy2 ) (Di)x + 
(2 + y 
2 
ayy(x,y) = 2G[( - y g^pgp- ) (Di)x + 
( ~ y 6x 6y2 ) 
°xy(*»y^ ~ 2G[( gy2 + y gy3 ) ^ ^i^x 
( 0 + y 0 ) «î)xl (57) 
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DISPLACEMENT AND STRESS DISTRIBUTION IN AN INFINITE BODY DUE TO 
A LINEAR DISPLACEMENT DISCONTINUITY OVER |x| < a, on y = 0 
The displacements and stresses caused by the linear displacement dis­
continuity D(x,y) over an infinite line segment in an infinite body are 
found by summing equations (45) and equations (57). The results can be 
represented as follows: 
Ux(x,y) = [(1 - 2v) H + y gy ] (Di)y + 
[(1 - + y + 
[-2(1 - V) - y ] (D|)x + 
[-2(1 - V) - y ] (DÏ)x 
Uy(x,y) : =  [ --2(1 - V) + y î y l  1  ( " J ' y  +  
[• -2(1 - ^) •§ + y Syf 1 (Di), + 
[ - (1 
- 2V) f + y •5T7 1 (Di)x + 
[ - (1 + C
M 1 
y «fly 1 «î>x 
Oxx(x,y) = 2G[( + y -f^ ) (Di)y + 
( y i;# > (»i)y + 
2G[(2 + y ) (»i)x + 
( 2 ^  +  y i ^ )  
PyyCx.y) = 2G[( - y-^ ) (Di)y + 
( -, y 4;% ) (»ï)y + 
2G[( - y 6y2 ^ ^^i^x + ( " y fix gyZ ^ (^i)*] 
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Oj(yCx,y) - 2G[( - y gy2 ) (Di)y + C - y gy2 ) (l'i)y] 
+ 2G[( 0 + y0 ) (D?), + 
< 0  + y 0  > (58) 
The derivatives of functions f(x,y) and g(x,y) in the above expres­
sions are listed below. These expressions should be multiplied by the con­
stant factor 8iTa(l - v). 
6 f  , .  y  y  \  ,  / X - a \ /  4 a ^  
= y ( arctan - arctan ) + ( -y" ) ( yZ + (% _ a) ^ " 
$ - (K + a) ( arctan - arctan ) - f In yZ t (x-a)' 
6^f . y . y 2 ay 
6x 6y X - a x + a y^ + (x - a)^ 
6^f _ 2a(x - a) _ u + (x + a) ^ 
0y2 y2 + (x - a)2 y^ + (x - a)^ 
6^f _ X - a _ X + a . 2a(v^ ^  (x - a) 
ÔX 0y2 ~ y2 + (x - a) 2 y2 + (x + a) 2 (y2 + (% - a) 2) 2 
Alf _ 4av(a - x) . 4axy /CQ\ 
5 y 3  -  ( y 2  + (x - a ) 2 ) 2  +  ( y 2  +  ( %  _  a ) 2 )  (y2 + (x + a ) 2 )  
and 
6S , y . y \ , / X + a \ / 4a ^ 
•^ = y ( arctan - arctan ) + ( -y- ) ( yZ + (% + 3)2 + 
y^ - (x - a) 2 \ , / X - a \ , (x + a) ^ - y^ _ -, y^ + (x + a) ^ \ 
y2 + (x + a)2 ^ ^ 2 / ^ y2 + (x + a)2 y2 + (x - a)2 ' 
|| = (a - x) ( arctan - arctan ) + f In ^ 2 + (x ! 
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6^g y y 2ay 
•&17 • + y2 + (, + a) 2 
6^g _ _ 2a(x + a) , , , + (x + a) ^ 
ôy2 y2 + (x + a)2 y2 + (x - a)2 
6^ë _ x + a X - a _ 2a(y^ - (x + a) 
6x ôy2 y2 + (x + a)2 y2 + (x - a)^ (y2 + (x + a)^)^ 
6^g _ 4ay(a + x) 4axy 
6y3 (y2 + (x + a)2)2 (y2 + (x + a)2) (y2 + (x - a)2) (60) 
These results were derived for the case of linear displacement discon­
tinuity over the line segment |x| < a, on y = 0. However, these results 
are also valid for the case of constant displacement discontinuity over the 
same line segment. The assumption of a constant displacement discontinuity 
over |xj < a, on y = 0 will lead to the following equalities: 
(Di)x = (Di)x = (Di)x 
and 
(Di)y = (D?)y = (Di)y (61) 
Substituting equation (61) into equations (59) and (60) will give the 
expressions of the stress and displacement similar forms to the ones listed 
in Crouch's report (3). 
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NUMERICAL TECHNIQUE FOR SOLVING 
THE CONSTITUTIVE EQUATIONS 
The numerical procedure for solving elasticity problems is developed 
from the analytical equation established in the previous section. The dis­
placement and stress distribution in a plane area due to a linear displace­
ment discontinuity over one finite line segment are functions of the dis­
placements at both ends of this line segment. 
The solution to this type of boundary value problem in elasticity re­
quires the evaluation of the state of stresses and/or the state of dis­
placements at some points of the surrounding boundary of the body under 
consideration. Knowing that the displacements (Dy , 0%) at each node are 
the basic parameters to be determined, it is essential then that the bound­
ary stresses and/or displacements be specified at all nodes. The most fre­
quent types of boundary conditions encountered are classified into 3 cate­
gories: 
1) Stress boundary conditions, where only stresses are prescribed. 
2) Displacement boundary conditions, where only displacements are 
prescribed. 
3) Mixed boundary conditions, where both stresses and displacements 
are prescribed. 
Equations (58) through (60) can be used to compute the displacements 
and stresses anywhere in an infinite body that contains a displacement dis­
continuity of the specified type (linear). As an illustration, the stresses 
and displacements along the line of the discontinuity y = 0 are computed 
as follows: 
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Oxx(x.O) 4na(i - v) x^- a " x - a ^ 
( - ;r;-i + i" #-3-# > (»ï)y] 
" 4na(l - V) [( ~ 1* ^  + 
( - (»i)y] 
= 47ra(l - V) [( (Di)y + 
( - ) (»i)y] 
Ux(x,0) = giraCl^- V) [((* + + (x - a)) (Di)y + 
((x - a) In ^  ^  ^  + a) (Di)y + 
( 2_±La ) (D^ )^  + ( a_:_x , (ni),] 
V^'°> = - siraU^- V) [((* + *) (Dl)x + 
( - (x - a) In ^  ^  ^  + a) (Di)* + 
( =2^ -^  ) (»I)y + ( ^2Ï-= ) (»i)y] 
(62)  
A close examination of the above expressions reveals a particular be­
havior at the ends of the segment, i.e., at x = ± a. The states of stresses 
and displacements are singular at these points. To overcome the indetermi­
nacy of the logarithmic and hyperbolic functions at these singular poles, 
the Schwarz integral, see equation (39), needs to be integrated differently. 
The function F(t) keeps its original order of approximation over the inter-
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val [-a + y, a - y], and it is assumed to be constant over the intervals 
[-a, -a + y], and [a - y, a], where y is a parameter which needs to be 
determined. In other words, the line segment |x| < a has been divided 
into three intervals. Over the middle domain, the displacement function 
is linear, and over the two edge intervals the displacement function is 
constant. Therefore, the new expression of the Schwarz integral formula 
would be expresses as follows; 
-^(potential) = ^ / :* + ^  (x t)^ + + ¥ ^ -a + Ï (x - t)^^ y^ 
. 2  
dt 
I ^  1 - ]! (x -\)2 + y 2  (63) 
The potential function may be found by integration of the above equa­
tion. Omitting thé details of this computation, the integration is per­
formed for two types of integrals: 
Il = i / -{X  ^tS'V ,2 It 
and 
D 
*•2 ~ ÏÏ •' (x - t)2 + y l o  =  %  /  — — J  - . 2  dt (64) 
An explicit expression for this potential function could be written, 
but it clearly would be lengthy. The derivatives of this function are ex­
pressed within the general computer program listed in Appendix B, page 118. 
In light of the preceding discussion, the potential function is now 
completely determined along the closed domain [-a, +a]. The numerical 
technique, as explained, is capable of handling the indeterminacy of the 
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potential function at the end nodes. In consequence, the state of stress 
and displacement, defined as functions of the derivatives of the potential 
function, is also defined along the closed interval [-a, +a]. The evalua­
tion of this state of stress and/or the state of displacement at the 
surrounding surfaces of the body under study, coupled with given boundary 
conditions will solve for the displacement vector (Dx > Dy) at all nodes. 
The stress and displacement distributions are, thereafter, computed over 
the plane area under consideration through equation (59). 
These are, in principal, the major steps required by the displacement 
discontinuity method for the solution of all elasticity problems. In the 
forthcoming sections, a simplified case of a line crack under uniform pres­
sure is treated, followed by the formulation of the generalized displace­
ment discontinuity method over a randomly oriented line segment. Finally, 
the stress distribution is determined for the problem of a circular disk 
acted upon a uniform radial pressure, and for the problem of a circular 
hole in an infinite plate under the action of uniform tensile load. 
40 
CRACK OPENED UP BY UNIFORM PRESSURE 
The basic features of the linear displacement discontinuity method 
may be explained with reference to a specific elasticity problem. This 
problem from solid mechanics is concerned with the distribution of stress 
in an infinite body when the crack -c x j< c, on y = 0, is opened up by 
the action of a uniform pressure P. At this stage, it is preferable to 
limit the discussion to a simple topic by considering the problem of find­
ing the normal component of displacement along the crack. 
The analytic solution for the relative normal displacement distribu­
tion along the crack of length 2c is given by Sneddon (7). 
Uy(x,0) = E ^  ^  ^ , |x| ^  c , y = 0 (65) 
For the numerical solution of the pressurized crack problem, the crack 
is divided into N line segments, each of width 2a. The displacement dis­
continuity in the y direction is assumed to be linear over each segment. 
The boundary condition for this problem is defined by the following condi­
tions; 
Oxy = 0 , _œ < X < m , y = 0 
Oyy = p , |x| < c , y = 0 
U y = 0  ,  | x | > c  ,  y = 0  ( 6 6 )  
In addition, all displacements and stresses are zero at infinity. 
These boundary conditions are similar to the ones prescribed for the first 
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aspect of the Papkovitch-Neuber functions in two-dimensions. From equa­
tion (14), the normal displacement and the normal stress at the boundary 
can be expressed as follows: 
Uy(x,0) = - 2(1 T V) (x,0) 
0yy(x,O) = 2G-0(x,O) (67) 
6$ 
Using Fourier transforms, the harmonic function had the following 
expression; 
6$ r 
H (x.y) - i LZ lit (68) 
where (x,0) is related to Uy(x,0), see equation (27). Therefore, speci­
fication of Uy(x,0) as a linear function of x will enable us to find -^(x,y) 
and consequently the stress Oyy(x,y). 
The y-component of the displacement along the crack is depicted in 
Fig. 5. The relative displacement between the two crack surfaces at each 
node define the nodal displacement discontinuities Dy(x). These quanti­
ties are the unknown parameters when the constitutive equations of this 
stress boundary problem are constructed. 
If the crack is divided into N line segments as shown in Fig. 5,.the 
number of discrete displacement discontinuities is N - 1, and the number 
of nodes is N + 1. Therefore, the numerical solution to the problem re­
quires a system of N - 1 simultaneous, linear equations in N - 1 unknowns. 
These equations may be derived by the following method; The normal dis­
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placement discontinuity Uy(x,0) is linear over each segment. The potential 
(x,0) depends on the linear displacement function, see equation (67). 
The normal stress at any point along the x-axis is a function of the second 
derivative of the potential $(x,y), also see equation (67). 
2a 
Fig. 5. The y-component of displacement along the crack 
The normal stress 0yy(x,O) at any point in the xy-plane was previous­
ly found on page 37 for the case of a normal displacement discontinuity 
over a line segment (j) of width 2a, see Fig. 6a. For convenience, the 
normal stress Oyy(x,0) is expressed with respect to a new coordinate sys­
tem as shown in Fig. 6b. 
The normal stress Oyy(x,0) for the line segment (j), now located be­
tween nodes j and j + 1 of abcissa x^ and x^ ^ may be written from 
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equation (62) after making the following transformation: 
x' = X - x^ + a (69) 
Performing this transformation, Oyy(x,0) takes the following form: 
= 2Tr(i^- V) ^ j+1 + 1* ( * " + 
X - X" X - X 
( - - i; In ( " " "f ^ )') (4)y] (70) 
This expression for the normal stress Oyy(x,0) is valid only for 
open interval ] x^ , x^^^ [ , and is indeterminate at node j and j+1. 
.j+1 (j) +a -a 
6a 6b 
Fig. 6. Line segment |x| < a defined with respect to the local 
system 6a and with respect to the general system 6b 
44 
In a similar manner, the normal stress due to a linear displacement 
discontinuity in the adjacent line segment (j+1) of node j+1 and j+2, as 
shown in Fig. 7, may be written as: 
j+2 
O y y ( x , 0 )  =  2 7 r(l - V) j+2 4a ^ j+T ^  ^ ^®j+l^y + 
X - X X - X 
j+2 
( - _ ^ j+1 - In ( - ^ (°j+l)y] (71) 
X - X X - X 
j+2 j+1 (j+1) 
Fig. 7. Two adjacent segments (j) and (j+1) 
The stress at any node i on the crack due to a displacement discon­
tinuity at the j-th node is found by adding the stresses from the two 
adjacent segments (j) and (j+1), i.e., equations (70) and (71). By super­
position, the stress at the i-th node due to displacement discontinuities 
45 
at all N other nodes is given by; 
r  N-1 , i _ j+1.2 
O y y C x  , 0 ) '  =  4 T T a ( i  _  v )  i , j ^ =  1  (  T Ï  j T T T  J + 2 r  ^  ( 7 2 )  
(x - xr)(x - ) 
where ( D j ) y  is the displacement discontinuity at the j-th node and is equal 
2 1 
to ( Dj)y and (D j+i ) y .  
Since the crack surfaces are subjected to a uniform pressure P, 
(OyyCxjO) = P), the pressurized crack problem is specified by the follow­
ing system of N-1 simultaneous, linear equations in N-1 unknowns: 
This equation can be written in matrix notation as follows: 
 ^ - 1.^ - 1 »y)y (74) 
where the matrix C^j is the coefficient matrix. Each term of this matrix 
gives the stress at the i-th node due to a displacement discontinuity at 
the j-th node. These terms are called the influence coefficients and they 
depend only on the elastic properties of the material, the size and spac^ 
ing of the displacement discontinuities. The logarithmic nature of these 
influence coefficients indicates that they are always finite except at the 
end points of segment (j) and (j+1), i.e., when x^ equals x^, x^^^, or 
x^^2. The logarithmical function ln(f(x, x^, x^^^, x^^^)) is plotted 
against the abcissa x in Fig. 8. 





Fig. 8. y = In ( (x -
(x - xJ) (x - x-"'") j+2\ 
) vs. X 
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logarithmical function be computed at these singular points. When the 
stress is computed at node j+1 due to a displacement discontinuity at the 
same node, the influence coefficient C is called a diagonal coefficient. 
When the stress is computed at either node j or j+2 due to a displacement 
discontinuity at node j+1, the influence coefficient is then called an off-
diagonal coefficient. 
The numerical technique used to overcome the indeterminacy of a func­
tion at the singular points is described on page 36. Fig. 9 illustrates 
the method employed to compute the stress at node j+1 due to a displace­
ment discontinuity at node j+1 only. 
j 1+1 
The displacement function is linear over the intervals (x , x - p) 
J + 1  (j+1) 
Fig. 9. Decomposition of the line segments j and 
j+1 when the diagonal term is computed 
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and but it is constant over the interval - y, 
x^^^ + y). The first derivativer of the potential function 0 takes the 
following form: 
» - -^ [ - V / - dt + 2a 
6y ~ 2TTa ^ (x - t) xj+1 _ y (x - t) 
j+2 J+2 
^j+1 + (X - t)2 0%)y - t (75) 
y 
and the normal stress due to a displacement discontinuity at node j+1 can 
take the following form: 
= 8,a(l'-\) I . jïl) . ' (T- x3) J-
(76) 
for X = x^"*"^ and |x^ - x^^^] = jx^^^ - x^^^j = 2a, the diagonal in-' 
fluence coefficient is written as: 
C - 2„a(i°- V) ( - 1 + < fe » 
i i+2 
The normal stress at nodes x or x*" will next be computed when a 
displacement discontinuity occurs at node x^^^. This computation will 
lead to the evaluation of the off diagonal influence coefficients. Fig. 
10 shows the two cases considered with each showing a zero value of dis­
placement over the length y associated with the corresponding node because 
i+1 
the discontinuity is only considered at node x . The remaining displace­
ments are considered linear as shown. 
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(Di), 
Fig. 10. Decomposition of the line segments j and j+1 
when the off-diagonal terms are computed 
When, for instance, the stress is computed at node due to a dis­
placement discontinuity at node x^^^, the displacement function has nil 
value over a length y along segment (j), and is considered to be linear 
over the rest of the segment. The first derivative of the potential 
function $ takes the following form for node x^. 
= JL. [ 
ôy 2Tra x^ + y 
50 
(x - t) 
j J+2 j+2 _ 
+ ; j+1 u - t)i 1 x-J 
•i+1 




G(Dj)y r 2(x - x^)(2a - y) 
8ua(l-v) (X _ _ xJ _ 
In ( (x - x^"*"^)^ 
(x - x^ - y)(x - x^*^) 
(x - xj+1) 
):] (79) 
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for X = and |x^ - x^"*"^ | = jx^"*"^ - x^"*"^ | = 2a, the off diagonal coef­
ficient is written as; 
V) (2" + 1- < ? »' (80) 
In a similar manner, the off diagonal coefficient associated with node 
i+2 
x"^ can be evaluated. This influence coefficient is the same as the one 
evaluated at node x^ and presented in equation (80). 
Fortunately, it is feasible to write for the single case of a pressur­
ized crack explicit expressions for these influence coefficients, but they 
may be lengthy for other cases. For most practical cases, it will be pref­
erable to evaluate the influence coefficients within a computer program 
written according to the process described above. 
Finally, the simultaneous linear equations of the form described by 
equation (74) can be solved in several ways. One could use a standard 
computer routine to invert matrix C^j and then obtain the values of (Di)y 
by multiplying this inverse (Cij)~^ by the known quantities Oyy = P. 
However, all results listed in this treatise were obtained by using the 
library system available at Iowa State University. The subroutine used to 
solve the constitutive equations is called (DLINEQ). This subroutine uses 
the elimination scheme in which the system of equations is reduced to tri­
angular form, and the unknowns are found by back-substitution from the last 
equation to the first. To minimize the round-off errors and the truncation 
errors, the main programs and all subroutines define all arrays in double 
precision. 
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As an example of the numerical procedure outlined above, a particular 
case is considered for which the Poisson's ratio v = 0.2 and the ratio 
P/G = 2.4 • 10~^. The exact solution for the displacement discontinuity 
distribution along the crack is given by equation (65). The numerical re­
sults were obtained for the cases where the entire crack was divided into 
10, 20, 30, 40, and 50 segments. 
Fig. 11 shows the improvement in the displacements discontinuity at 
midspan of the line crack as the number of equations is increased. The 
constant and the linear displacement discontinuity methods will eventually 
converge to the exact solution as the number of segments increases. But 
the linear displacement discontinuity method converges much faster than 
the constant element method. However, a great deal of concern should be 
devoted to the method that was employed to avoid the indeterminacy of the 
potential functions at the singular nodes. The numerical procedure re­
quired to overcome the singularity was formerly reviewed on page 36., The 
displacement discontinuity function had to be considered as a constant 
function over a portion (y) of the interval of integration whenever the 
stresses or the displacements had to be evaluated at a singular node. A 
tentative value of y can be used to complete the integration, but this 
value is bounded and has as an upper limit of the length 2c/N which is the 
length of the segment. Fig. 12 shows the convergence of the linear dis­
placement discontinuity method toward the exact solution for the y/2c cases 
of 0.1 , 0.5 , and 0.9 . 
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Fig. 11. Normal displacement vs. number of nodes for the 





O Linear (y/2c = 0.1) 
V Linear (y/2c = 0.5) 
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12. Convergence of the linear displacement discontinuity 
elements toward the exact solution 
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an optimum value for y/2c for which the nodal displacement discontinuity 
values are the closest possible to the exact solution. To obtain this op­
timum value of w/2c for which the results give a significantly better rep­
resentation of displacements and stresses, a particular case was considered. 
The line crack is divided into only 10 segments. The normal displacement 
at midspan is plotted as ordinate and y/2c as abcissa (see Fig. 13). The 
normal displacement value at midspan approaches the exact solution and 
crosses it as y/2c increases. But it varies asymptomatically with respect 
to the constant displacement element value. For this problem of a pressur­
ized crack where the exact solution is known, an optimum value of y/2c can 
be pinpointed by considering the value of y/2c that corresponds to the 
point of intersection of the analytical solution with the graph of Dy(x,0)/c 
verses y/2c as depicted in Fig. 13. The displacements obtained from using 
this value of y/2c are listed in Table 1. Along with the exact solution, 
the Crouch's solution and the absolute errors between the linear displace­
ment discontinuity and the constant displacement discontinuity methods. 
If the line crack under study is divided into a number of elements 
different from the number 10 considered before, the question will still be 
the same, i.e., what is the appropriate value of y that better approximates 
the exact displacement distribution. Similar plots to the one in Fig. 13 
can be drawn for the cases where the line segment is divided into 20, 30, 
40 and 50 segments. The optimum values of y/2c obtained from these plots 
are drawn as a function of the number of elements N as shown in Fig. 14. 
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Fig. 13. Normal displacement at midspan vs. the length y/2c 
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Table 1. Comparison between the linear and constant displacement disconti­
nuity method. N = 10 and ]x/2c = 0.62 
Absolute error 
Linear Exact Constant Linear Constant 
x/2c displacement solution displacement -exact -exact 
0.00 0.00000 0.00000 -2.12559 0.00000 2.12559 
0.15 -2.70738 -2.74231 -3.02058 0.03493 0.27827 
0.25 -3.30453 -3.32554 -3.55362 0.02101 0.22808 
0.35 -3.65711 -3.66313 -3.86950 0.00601 0.20637 
0.45 -3.82019 -3.82075 -4.01832 0.00057 0.19757 
0.55 -3.82019 -3.82075 -4.01832 0.00057 0.19757 
0.65 -3.65711 -3.66313 -3.86950 0.00601 0.20637 
0.75 -3.30453 -3.32554 -3.55362 0.02101 0.22808 
0.85 -2.70738 -2.74231 -3.02058 0.03493 0.27827 
1.00 0.00000 0.00000 -2.12559 0.00000 2.12559 
57 
Fig. 14. y/2c versus the number of elements N 
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increases. For this particular example of a pressurized line crack of 
length 2c = 10, Poisson's ratio v = 0.2 and the ratio P/G = 2.4 • 10"^, 
this constant value of p/2c is around 0.58 . 
Consider now the stress distribution in the interior of an infinite 
two-dimensional elastic medium with a very thin internal crack -c £ x _< c 
at y = 0. The crack is opened under the action of a uniform internal pres­
sure P. The analytical solution, when y = 0 and |x| > c, has the following 
form; 
OyyCXjO) = P [ (x2 _ c2)% - ^  ] (Gl) 
The numerical expression for the normal stress has been previously 
determined as a function of the nodal displacement discontinuity elements, 
see equation (72). This expression is absolutely defined at any point 
(xj > c. Fig. 15 shows the normal stress at several points along the di­
rection of the line crack. In the neighborhood of the crack tip, the lin­
ear displacement discontinuity method is obviously better than the constant 
displacement discontinuity method when compared to the exact solution. But 
as the distance away from the crack tip increases, the stress from both 
methods tend to coincide with the actual values. 
The problem of a pressurized crack in an infinite body was also stud­
ied by Crawford and Curran (2). The authors showed the variation of the 
normal stress as function of N the number of nodes at a specific point 
(x/c = 1.01). Although, high-order (linear and quadratic) displacement 
discontinuity elements were used, the method employed by the authors to 
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2c = 10 
2c 
_ Exact Solution 
• Constant 
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15 13 11 
X 
15. Normal stress along the line of the crack |x| > c 
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overcome the indeterminacy of the potential functions at the singular nodes 
has not yielded better values than the numerical method previously de­
scribed in this treatise. However, the quadratic elements become better 
at high N. Fig. 16 shows the improvement of the normal stress around the 
crack tip (x/c = 1.01) as the number of equations or elements is increased. 
The linear and quadratic displacement discontinuity elements as de­
scribed by Crawford and Curran, was formulated by integrating the funda­
mental solution established by Crouch. The authors first used the quan­
tity Ny defined in reference (3) as: 
Ny = 2a Dy (82) 
There is no simple physical interpretation to this quantity. It has 
been adopted because it helps in solving singular elasticity problems. It 
is required that this quantity Ny = 2a Dy of a concentrated displacement,of 
magnitude Dy over a line segment of width 2a to be constant as a tends to 
zero. The analytical solution was found by Inserting this strength 2a Dy 
in the fundamental harmonic function established by Crouch and passing to 
the limit as a^O. Evaluation of this limit gives the following form of 
the function as expressed by Crouch (3): 
Now, the nuclei Ny associated with a discontinuity Uy(ç) over a small 
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Ny = Uy(0 d; (84) 
If a number n of such nuclei is considered over the interval |x| < a, 
then the combination of equations (83) and (84) give: 
•5* - ' 1 jgi (85) 
6y 4TT(1 - V) i = 1 (x - ç^) + y' 
In the limit as dÇ^ ^  0, the summation can be replaced by integration. A 
new form for equation (85) can be obtained; 
f = WW 
Specification of Uy as a function of x will lead to an expression of 
for an arbitrary displacement discontinuity over the interval |x| < a. 
6$ 
This function is not defined at the end points x = ± a. Only an approx­
imate value of this integral, equation (86), can be obtained. The authors 
used the Gauss type quadrature formulae to approximate the integral within 
the interval ]-a, +a[. 
Returning to the pressurized crack problem, the results obtained by 
the linear displacement discontinuity method as explained in this treatise 
show a significantly better representation of displacement and stress dis­
tribution. The improvement is not only over Crouch's constant displacement 
discontinuity method, but also over Crawford's and Curran's linear (and 
quadratic for small value of N) displacement discontinuity elements. 
The problem of a pressurized crack in an infinite body has served as 
an instructive mean to understand the linear displacement discontinuity 
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method. However, this procedure is capable of handling more complicated 
problems. The next section will represent in detail the basic features of 
the method by considering two general elasticity problems. The elemental 
solution of linear displacement discontinuity over a line segment will be 
used to develop a numerical procedure for solving general boundary value 
problems. 
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GENERAL TWO-DIMENSIONAL FORMULATION OF THE 
LINEAR DISPLACEMENT DISCONTINUITY METHOD 
The displacement discontinuity method is a numerical technique capable 
of handling more complicated problems than those of a straight crack previ­
ously illustrated. The method can be extended to deal with general situa­
tions where, for example, the region under study has a curved boundary, or 
where the problem under consideration has a closed contour (C) within the 
body, as depicted in Fig. 17. 








Fig. 17. Closed contour crack in an infinite body 
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two curves: one curve defines the boundary of a cavity in an infinite body, 
the problem is then called an exterior problem. The other curve defines 
the boundary of a finite body and, the problem is called an interior prob­
lem. 
Under specified boundary conditions, this contour (C) dislocates, and 
defines two boundaries labeled CT'" and C~ as depicted in Fig. 18. 
In reality, these two imaginary boundaries coincide and define the 
Fig. 18. Two imaginary boundaries enclose 
the actual curve crack (C) 
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single curve (C) in Fig. 18. They are shown separated for clarity. The 
terminology C*" and C~ is adopted because these curves denote the positive 
and negative sides of curve (C) with respect to coordinate n. The dis­
placement discontinuity components define the relative displacements of 
these two boundaries in the tangent and normal coordinate directions. 
The numerical solution of such problems can be stated in a similar 
manner as for the cases in which the boundary of the region considered is 
effectively a single straight line. First, it is assumed that the sur­
rounding boundary can be approximated by straight line segments joined end 
to end. Second, the analytic solution to the problem of a linear displace­
ment discontinuity over an arbitrarily oriented finite line segment in an 
infinite body is determined. Finally, the new influence coefficients are 
evaluated for the case where the elemental displacement discontinuities 
vectors have arbitrary orientations. 
The rest of this treatise consists of two parts. Part one is a math­
ematical analysis of the basic phases of the numerical technique. Part 
two deals with the application of this numerical procedure on two elastic­
ity problems for which an expression for the stresses distribution can be 
written in closed form. It is noted that the agreement between the numer­
ical and analytical solution for stresses is superior to that achieved 
using the constant displacement discontinuity method. The rate of conver­
gence to the exact solution using this method is more rapid than the rate 
of convergence obtained by the methods employed by either Crouch (3) or 
Crawford and Curran (2). 
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LINEAR DISPLACEMENT DISCONTINUITY OVER AN ARBITRARY 
ORIENTED, FINITE LINE SEGMENT IN AN INFINITE BODY. 
The analytical solution to the problem of a linear displacement dis­
continuity over a finite line segment |x| < a, oh y' = 0, see Fig. 19a, 
forms the basic formulation of the analytical solution to the problem of 
linear displacement discontinuity over the arbitrary oriented finite line 




Fig. 19. The finite line segment |x'| < a in local (19a), 
and global (19b), coordinates system 
One technique for identifying the line segment |x'| < a in its arbi­
trary oriented position consists of rotating and translating the x'y'-
coordinate axis to obtain an xy-coordinate axes. It is convenient to re­
fer to the x'y'-axes as the local coordinate system, and to the xy-axes 




as the global coordinate system. 
The translation of the local coordinate system is described by two 
components, the horizontal component Xq and the vertical component y^. The 
rotation part of this transformation is defined by the angle «= with the 
horizontal direction. This angle is considered positive in the counter­
clockwise sense as indicated in Fig. 19b. 
The combination of translation plus rotation may be described in ma­
trix notation: 
x' X -  Xo 
= [P] (87) 
y '  1 5=
 
where [P] is the transformation matrix which has the following form: 
[P] = 
cos a Sin Œ 
-sin OC cos OC 
(88) 
The displacements and stresses in the local x'y'-coordinate system 
due to a linear displacement discontinuity over the arbitrary oriented 
line segment |x'] < a, on y' = 0 can be written directly from equation (57^ 
After making the appropriate notational changes and replacing x and y by 
x' and y*, the global displacements and stresses can be written as: 
Ux'(x',y') = [(1 - 2v) ôf r + y' icKrr 1 <oi)y. ôx' " ^  fix' 6y' ^ 
6x' ' ^ ôx' 6v' ' [(1 - 2V) + y' I (Di)v' + 
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6f [-2(1 - V) - y' gyY ] (Di)x' + 
[-2(1 - V) - y' 1 (Di)x' 6y' 
[-2(1 + y' 
[-2(1 + y' 
[-(1 -
£ •  
+ y' 












6y'2 + y' 
ô^f 
6y' ? )  (D^ ), 
<5=8 





y ÔX ' gy'% 
ô 
+ XR* ôx' ôy- y ÔX* ôy'2 
-  y ' ^ )  (Dby. + 
6^ " y' 6^ ^ (Di%y'] + 
-y' 6x' ôy'^ ) (DÏ)x' + 
•y' ôx' 6y'2 ) (Di)x'] 
-y' sJ ôy'2 ) (DÏ)y' + 




+ y' ) (Di)x'] 
6y 
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where the functions f(x',y'), g(x',y') and their derivatives are obtained 
from equations (56), (59) and (60) after replacing x and y by x' and y'. 
For general computations, it is better to refer the displacements and 
stresses to a global coordinate system. Therefore, equation (89) is not 
in a convenient form. However, these results may be written with respect 
to the global xy-coordinate system by applying simple transformations. 
These transformations are described as follows: the displacement discon­
tinuity D(x',y') at each point along the line segment |x'| < a is a vector 
that has two components D^i and Dy». Thus, at any arbitrary point the dis­
placement discontinuity with respect to the global coordinate system, D^ 
and Dy, are computed by resolving the components D^: and Dy? in the x and y 
direction. With the aid of Fig. 20, this operation may be written in matrix 
form as follows: 
Dx cos cc -sin oc 
1 
sin a cos a (90) 
or Djj' , Dyi as functions of D^  and Dy : 
Dx' cos oc sin oc 
i » 
Dy. -sin cc cos oc 
1 « 
The transformation equations for the stresses may be obtained by con­
sidering that the local coordinate axes are oriented at an angle with 
the global coordinate axes as shown in Fig. 21. 
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0 
Fig. 20. Displacement discontinuity vector with respect to a local system 




Fig. 21.  Local axes oriented at angle oc with global coordinate axes 
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The stresses can be transformed from the local coordinate axes to the 
global axes. The following transformation relation for transforming 
stresses from xy-axes to x'y'-axes can be found in many references (8). 
%'x' *^ xx 






1 1 t 
(92) 




-sin oc cos oc 
sin^ oc 
cos o: 
sin oc cos oc 
2 sin oc cos oc 
-2 sin œ cos oc 
cos^ oc -sin^ oc (93) 
It should be noted that the angle oc is taken positive when the angle 
of x'y' axes measured from xy axes is in the counterclockwise direction as 
shown in Fig. 21. 
The inverted form of equation (93) can be obtained by premultiplying 








The procedure for obtaining the [T]~^ matrix is illustrated in ref­
erence ( 8). 
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sin oc cos oc -sin m COS oc 
-2 sin ce cos 
2 sin oc cos oc 
cos^ oc -sin^ oc (95) 
Expressions for the displacements and stresses in the global coordi­
nate system now follow from the transformation equations (90) and (95), 
together with equation (89). The explicit expressions for the displacement 
can be written as: 
Ux(x,y) = [((1 - 2v) -glr + y' gy? gyi )cos oc + 
6f , i!f (-2(1 - v) - y' )sin a) (Di)y + 
6y' 
((1 - 2V) ^  + y' ^ , )C0S oc + 6x' 6y 
(-2(1 - v) - y* 2 )sin oc) (Dj^)y + 
(-(1 - 2v) ||r + y' 5y. )sin c + 
(-2(1 — v) - y' )cos cc) (DJ)X + 
_6!&. (-(1 - 2V) + y' g^gy J- )sin oc + 
(-2(1 - v) 
6y' 
y' )cos oc) (Di)x] 
Uy(x,y) = [((-2(1 - V) -^T + y' )cos oc + 
ôf gZf (-(1 - 2v) + y' gy, )sin a) (Di)y + 
((-2(1 - v) + y' 4;^ )cos oc + 6 y ' 2  
2, 
(-(1 - 2v) + y' gx? ly' )sin (Di)y + 
(-(-2(1 - v) + y' )sin oc + 
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(-(1 - 2V) -^T + y' 5yt )cos oc) (Di)x 
(-(-2(1 -  V )  ^  +  y' )sin a  + 
(-(1 - 2v) + y' ly, )cos a) (Di)x] 
and the stresses may also be expressed as follows: 
Oxx(x,y) = 2G[(( + y' )cos a + 
6x^ 5y' y' ôx' 6y'2 =) (Di)y 
( (  +  y '  )cos oc + 
ôx^ ôy' ôx' ôy'2 
5y» 2 + y'  5y« 3 )sin cc + 
6x^ 6y' 6x' ôy'2 
(-( + y' )sin cc + 
6x^ ôy' ôx' ôy'% oc) (Di)*] 
Oyy(x,y) = 2G[(( - y' )cos oc + 
(-y' gx' ôy'2 )sin oc) (D?)y + 
( (  -  y'  )C08 oc + 
( -y '  ôy'2 )sin oc) (Di)y + 
XZj: ^3f 
( - (  -  y'  -spi )s in cc + 
, , Ô^f \___ \ ,n2\ 
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(-( - y' )8iO o: + 
( -y '  ly.2  )cOG o:) (dJ)x] 
Ô^f %y(x,y) = 2G[((-y' g ,2 )cos a + 
( + y' )sin cc) (Di)y + 
((-y' ly'2 )C08 " + 
( -gpf? + y' )sin cc) (Di)y + 
((y' &J gy'2 )sin - + 
( 5^ + y' 5^3- )cos cc) (Di)x + 
((y' 6x' 5y'2 " + 
( + y' 5^ 9? )cos =) (DÏ)x] (97) 
where (Di)x, (Di)x, (Di)y and (Di)y are the displacement discontinuities 
at nodes one and two of the line segment i, see Fig. 22. 
These equations form the basis of the general two-dimensional linear 
displacement discontinuity method. The next section shows the role of 
these equations in formulating the numerical procedure employed for solv­
ing some elasticity problems. 
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l(Di)y i 
Fig. 22. Displacement discontinuity components at 
each node of the i-th line segment 
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GENERAL INFLUENCE COEFFICIENTS 
A numerical procedure for solving general elasticity problems may be 
developed by referring to the problem of a curved line in an infinite body. 
In this case, two problems are defined, one for the interior region and one 
for the exterior region. Since the displacement discontinuity formulations 
require only the boundary surfaces of the region to be subdivided, the so­
lutions of the interior and exterior problems in effect are determined to­
gether. 
The boundary of the cavity is labeled C in Fig. 23a. Suppose this 
boundary is everywhere subjected to a set of specified stress and displace­
ment vectors. The stress and/or displacement must be specified in the nor­
mal and tangential directions at each node of the boundary. 
a. Physical problem b. Numerical model 
Fig. 23. Curve C in an infinite body 
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The coordinate directions n and s as shown in Fig. 23 may vary from 
point to point along the boundary C. To solve this problem, proceed as 
follows: First, approximate the boundary C by N straight line segments. 
The width of a typical segment i is denoted by 2a^ as indicated in Fig. 
23b. If these line segments are small, they will approximate curve C 
quite closely. Under the action of the boundary conditions curve C, and 
consequently each segment dislocates and defines the two boundaries 
and C~. Fig. 23b shows only one of these two imaginary curves. However, 
the elementary solution of linear displacement discontinuity over a line 
segment is the same whether the outer curve or the inner curve C~ is 
considered. The nodal displacement discontinuity vector (D^ , Dy) con­
tains the basic unknown parameters. If it is considered that, due to 
specific boundary conditions, a displacement discontinuity at the i-th 
node has occurred while the displacement discontinuity at every other node 
is kept zero, a set of induced displacements and stresses at each node is 
obtained. The two components of the induced displacement and stress at the 
j-th node are labeled Dg, D^, and 0^, cr^. They may be expressed in terms 
of the nodal displacements Dg, as follows; 
4 • 41 "a + 4 
4 - "I + (98) 
where Ag^, Agn» A^g and A^n are the influence coefficients. These coeffi­
cients may be interpreted as follows; The influence coefficient A^^, for 
instance, gives the normal component of induced stress at the j-th node 
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due to the tangent component of a displacement D at the i-th node. These 
influence coefficients are obtained from the fundamental solution of lin­
ear displacement discontinuity over an arbitrarily oriented, finite line 
segment. Fig. 24 shows node i which is the common point of two adjacent 
line segments (i) and (i+1), it also shows node j which is the common point 






Fig. 24. Coordinates of node i with respect to segment (j+1) 
i i+1 i i+1 
These segments have half-widths a , a , a and a , and orienta­
tions =1, oci and Let the local coordinates of node i relative 
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to segment (j+1) be and , as shown in Fig. 24. Also let x|^ and 
i ^ 
Yj be the local coordinates of node i relative to segment (j). The verti­
cal and horizontal displacement discontinuities at the j-th node are de­
noted as (Dj)y and (Dj)^. The stresses Oyy and a^y at the i-th node 
due to the elemental displacement discontinuities (Dj)y and (Dj)^ may be 
computed directly from equation (97) after suitably defining coordinates 
Xj and yt from equation (99). The local coordinates of node i relative to 
segment j are depicted in Fig. 25, and they may be expressed as follows: 
Xj^ = (x^ - x^)cos a? + (y^ - yi)sin oc^ 
y^^ = -(x^ - x^)sin + (y^ - y^)cos ocJ (99) 
Xi 
Fig. 25. Local coordinates x|^ and y|^ of node i 
3 J 
with respect to segment (j) 
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Explicit expressions for the stresses at node i due to element dis­
continuity at segment (j) could be written, but they would be lengthy. To 
reduce the space required for these expressions, a set of parameters are 
used to put the stresses in the following form: 
^x x' ~ Alxx ( D j ) y  + A2xx (Dj)y + Blxx (Dj+ B2xx (Dj 
Oyiy, = Alyy (Dj)y + A2yy (Dj)y + Blyy + B2yy (Dj)* 
o^^yt = AIxy (Dj)y + A2xy (Dj)y + Blxy (D^)* + B2xy (Dj)* (100) 
where y, and O^^y, are the stresses at the i-th node due to a 
linear displacement discontinuity over the j-th segment; Alxx, Alyy, Alxy, 
A2xx, A2yy, A2xy, Blxx, Blyy, Blxy, B2xx, B2yy and B2xy are the parameters 
associated with the displacement discontinuity components at both ends of 
the j-th segment. They may be computed directly from equation (97) after 
replacing x,y by x^^, y|^ as defined in equation (99), and replacing oc by 
the orientation of the j-th segment . 
Note that equation (100) expresses the normal and shear stresses at 
the i-th node with respect to the local coordinate system x'y' associated 
with the j-th segment. For reasons to be explained later, it is essential 
to express these stresses with respect to the global coordinate system xy. 
Using the stress transformation matrix defined in equation (95) , equation 
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A similar method is employed when the normal and shear stresses are 
computed at node i due to a linear displacement discontinuity over segment 
j+1. The coordinates yy^^ are defined in Fig. 26 and they can be 
expressed as follows: 
*j+l 
^j+1 
= (x^ - xj^^)cOS + (yl _ «i+1 




Fig. 26. Local coordinates xl^^, ^j+1' node i with 
respect to segment (j+1) 
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it follows that the stresses can be put in the following form; 
= Clxx (Dj)y + C2xx (Dj)y + Dlxx (Dj)^ + D2xx (0^)% 
= Clyy (Dj)y + C2yy (Dj)y + Dlyy (Dj)^ + D2yy (Dj)^ 
CJ^'iyt = Clxy (Dj)y + C2xy (Dj)y + Dixy (Dj)x + D2xy (0^)% (103) 
where and are the stresses at the i-th node due to a 
XX ' y y X y 
linear displacement discontinuity over the j+l-th segment. Clxx, Clyy, 
Clxy, C2xx, C2yy, C2xy, Dlxx, Dlyy, Dixy, D2xx, D2yy and D2xy are the pa­
rameters associated with displacement discontinuity components at both ends 
of the j+l-th segment. They are obtained from equations (97) and (99) 
after replacing x,y by x^^^, and oc by . 
This treatise has adopted the assumption of linear displacement dis­
continuity whenever such dislocation occurs. However, from the foregoing 
discussion, it is noticeable that the final form for the normal and shear 
stresses can be expressed solely as a function of the nodal displacement 
vector. To solve numerically the problem depicted in Fig. 23, imagine 
that linear dislocations occur simultaneously at different segments of the 
body. Each dislocation occurs independently of the others, and each in­
duces a certain influence on the displacements and stresses at various 
points in the body. The induced stress or displacement at the i-th node 
due to a displacement discontinuity at the j-th node, while the disconti­
nuities are zero at all other nodes, is actually caused by linear disconti­







Fig. 27. Displacement discontinuity function 
over segments j and j+1 
Since Dj_i and are assumed to be zero, then (Dj)*, (Dj)y and 
(Dj+pxj (Dj+i)y are also scalars of zero magnitude. The state of stresses 
at node i due to a displacement discontinuity at node j can then be formu­
lated by adding and as follows: 
+ fU+l 
XX 
Oyy = 4y + if 
°xy ° = 4^ + 4"' 
(104) 
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The normal and shear stresses at the i-th node over a plane with an 
outward normal n, see Fig. 28, can be written in terms of the stresses 0^x> 
Oyy and Ojcy • 
t 
'nt 
Fig. 28. The normal and shear stresses at node i 
Note from Fig. 28 that the normal at node i defined by the angle 0 is 
positive in the counterclockwise direction. These stresses may be written 
as follows: 
On - O'xx sin^ 6^ - 2o^y sin 0^ cos 0^ + 0^^ cos^ 0^ 
Og = (Oyy - Oxx) sin 0^ cos 0^ + a^y (cos^ 0^ - sin^ 0^) (105) 
equation (105) represents the normal and shear stresses at the i-th node 
due to a displacement discontinuity at the j-th node. Equation (104) 
shows that the stresses o^x> cfyy and G^y are functions of the discontinuity 
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at the j-th node. In the general case, these stresses are functions of 
the discontinuity vectors of N nodes, and Dy for j = 1 to N. It 
follows that equation (105) can be put in the form: 
N . . . N . . 
•^s ~ j = 1 ^ j = 1 
"  -  • "  - v .  On = . Z 1 D: + . Z  ^ T)i (106) 
iî i*î iî iî 
where A^^g, Ann, ^ss ^sn the influence coefficients for the stresses. 
They are evaluated within the computer program listed in Appendix B accord­
ing to the process described above. 
For stress boundary value problem, equation (106) forms the basis of 
the general displacement discontinuity method. If a displacement boundary 
value problem or a mixed boundary value problem is given, then additional 
influence coefficients for the normal and shear displacements must be de­
veloped. The procedure employed to evaluate these influence coefficients 
is very similar to the method used to compute the influence coefficients 
for the stress boundary value problem. Since there will be no additional 
information gained from repeating this procedure, a detailed description 
of the intermediate steps is avoided. However, the normal and shear dis­
placements at node i due to a displacement discontinuity at node j can be 
put in the form: 
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N . N 
• j Ç1 »y + j ! 1 "i 
"n - . J J 43 "y + j Ç 1 :nn 4 <1°7> 
where Ug and are the displacement discontinuity at node i along the 
shear and normal plane defined in Fig. 28. and are the displacement 
discontinuity at node j along the global coordinate system. Bgg, Bg^» ^ns 
and Bnn are the influence coefficients for the displacements. Again, these 
coefficients can be written out explicitly. However, evaluating them with­
in a computer program is preferable. 
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GENERAL NUMERICAL PROCEDURE 
The results given in the previous section can be used to develop a 
numerical procedure for solving general boundary value problems in two-
dimensional, isotropic, linear elasticity. In this procedure, it is as­
sumed that the boundaries of the region can be represented by N straight 
line segments, each of width 2a, joined end to end. A system of linear 
algebraic equations is set up and solved for the components (D^  , Dy) 
of the nodal displacement discontinuity vectors that produce prescribed 
boundary stresses or displacements. The displacements and stresses distri­
bution in the body under study may, thereafter, be computed in terms of 
these N elemental discontinuities. 
Generally, three types of boundary value problems can be identified: 
stress boundary problems, displacement boundary problems and mixed boundary 
problems. The particular types of prescribed boundary conditions dictate 
the form of the system of equations to be solved. For example, in the case 
of a stress boundary value problem, the stresses = O^*, = a^* are pre-
n n s s ^ 
scribed at the i-th node, and the i-th equation of the constitutive equa­
tions are: 
of - ^ IJ aH DJ + . J ^ 4 
<4* - j Z 1 4i 4 + j Ç 1 "i (108) 
Similarly, in the case of a displacement boundary value problem, the 
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i i* 1 i* displacements Ujj = Un , Ug = Ug are prescribed at the i-th node, and the 
i-th equation is: 
(109) 
Mixed boundary value problems in which U^, O^, or O^, U^ are prescribed 
may be treated by selecting the appropriate parts of equations (108) and 
Since each nodal displacement discontinuity vector has two components, 
the numerical solution to any type of the boundary value problems described 
above requires a system of 2N simultaneous, linear equations in 2N unknowns. 
These equations are solved according to the method previously described on 
page 50. However, a special attention must be devoted to the formulation 
of these equations. It was mentioned before that the general influence 
coefficients can be obtained from the elemental solution over the finite 
line segment |x| < a, on y = 0. Fig. 29 shows a plot of the y-component 
of displacement along two consecutive line segments on y = 0 when the 
stresses and/or displacements are to be computed at the singular nodes 
j - 1, j and/or j + 1. In Fig. 29, (D^)y is the normal displacement at 
the j-th node. When these two consecutive line segments are placed in two 
arbitrary oriented positions as depicted in Fig. 30, the displacement func­






y y y y 
Fig. 29. Decomposition of the displacement function on y = 0, when 
c o m p u t e d  a t  t h e  s i n g u l a r  n o d e s  j  -  1 ,  j  a n d  j + 1  
-> X 
Fig. 30. Two consecutive line segments in arbitrary oriented positions 
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or displacements are computed at all other nodes beside the nodes j - 1, 
j and j + 1. But when the stresses or displacements have to be evaluated 
at any of these singular nodes, the displacement function has to be decom­
posed in a similar manner to the decomposition shown in Fig. 28. However, 
since the two adjacent lines have two different orientations, see Fig. 30, 
the integration over the length y around node j has to be broken into two 
parts. Part one of the integration is performed over the length y along 
the line segment (j) oriented with angle . Part two of the integration 
is performed over the length y along the segment (j+1) oriented with angle 
But these integrals are singular at the j-th node because of the 
line orientations, therefore, the integration has to be completed over a 
straight one line segment instead of two inclined line segments. This 
straight segment denoted by (j)* is oriented with an angle <x^ , which is 
the average of the angles of orientation of both segments (j) and (j+1): 
(110) 
The length of this line segment is derived from the sine and cosine laws in 
a triangle and has the following form: 
y^ = y cos ((oc^^^ - oc^)/2) (111) 
This numerical procedure is applied to two examples. The first con­
cerns the problem of a circular disc subjected to diametrical compression, 
and the second concerns the problem of a circular hole in an infinite body 
under a uniaxial stress at infinity. These two examples give an illustra-
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tlon of the general linear displacement discontinuity method for "interior" 
and "exterior" problems for an infinite body with an internal circular 
boundary. The problems were solved with the use of the computer program 
listed in Appendix B. 
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STRESSES IN A CIRCULAR DISK 
As an illustration of the general linear displacement discontinuity 
method for interior problems, a circular disk compressed by two diametri­
cally short strip loadings is considered. The normal stress is applied 
over two arcs of length 2aR centered about the vertical diameter of the 
disk as shown in Fig. 31. 
Fig. 31. Circular disk compressed by two diametrically 
short strip loadings 
In this problem, P is the applied stress, 2oc is the angle at the 
origin subtended by the loaded section of the rim and R is the radius of 
*- X 
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the circular disk. 
The stress analysis of the circular disk supporting the short strip 
loading applied at its boundary has been discussed by various authors. 
Hondros (5) derived the expressions for the rectangular stress components 
at any point on the disk at radial distance r from the origin of the disk. 
However, for simplicity only the stresses along the principal diameters of 
the disk will be considered. The exact solution for the stresses along the 
vertical diameter are given by the following equations (5). 
_ . 2P r (1 - r*/*:) sin 2= 
°yy TT (1 - 2r2/R2 cos 2= + r^/R^) 
1 + r^/RZ 
tan- ( ^  _ ^.2/Ri) tan oc) ] 
^ 2P r (1 - r^/R^) sin 2= , 
°xx - - n I (1 - 2r2/R2 cos 2= + r^/R^) 
tan-^( } t r^/Rg tan oc) ] 
Oxy = 0 (112) 
The stresses along the horizontal diameter are also given by the 
following equations: 
_ _ 2P r (1 - r^/RZ) sin 2a 
^YY ~ " IT ^ (1 + 2r2/R2 cos 2oc + r^/R*) 
tan-^( \ ;;; tan oc) ] 
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_ , 2P r (1 - r^/RZ) sin 2a 
%% IT (1 + 2r^/R^ cos 2oc + r^/R^) 
tan-^( I I tan «)] 
Oxy = 0 (113) 
At the rim, r = R, these stresses converge to values equal to the as­
signed boundary conditions. Note that for the prqblem treated the bound­
ary conditions at the rim assign zero values for the tangential stresses. 
The numerical approximations to the analytical solution by the linear 
displacement discontinuity are obtained by dividing the boundary of the 
disk into N straight line segments each of width 2ïïR/N. The normal stress 
P is applied over some segments centered about the vertical diameter of the 
disk. As an example, the particular case for which v = 0.2 and P/G = 10^ 
is considered. The exact solution for the stress distribution along the 
vertical and horizontal axes are given by equations (112) and (113). The 
numerical results were obtained by solving equation (106) for the cases 
where the entire disk was divided into 20, 40 and 80 straight line segments. 
Figures 32 and 33 show the convergence of the numerical solution to­
wards the exact solution as the number N of segments increases. However, 
it was noticed that the numerical results are unreliable at points close 
to the periphery of the circular disk, and the discrepancy between the 
numerical results and the exact solution is localized within a circle radi­
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x/R 
Fig. 32a. Stress distribution along the horizontal diameter 
Exact solution 
N = 20 (Crouch) 
N = 80 
. 06  .  
. 0 2 .  
. 6  4 .7 . 8  .9 1 .  .3 .5 0 .  . 1  . 2  
x/R 
Fig. 32b. Stress distribution along the horizontal diameter 
Exact solution 
Fig. 33a. Stress distribution along the vertical diameter 
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Exact solution 
Fig. 33b. Stress distribution along the vertical diameter 
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CIRCULAR HOLE IN A THIN, INFINITE PLATE 
UNDER UNIAXIAL LOADS AT INFINITY 
Figure 34 represents a thin, infinite plate submitted to a uniform 
tension of magnitude P in the vertical direction. This tensile load pro­
duces a uniform stress distribution in the y direction. If a small circu­
lar hole is made in the middle of the plate, the stress distribution in the 
neighborhood of the hole will be changed, but it is concluded from Saint-
Venant' s principle that the change is negligible at distances that are 
large compared with R, the radius of the hole. 
Î Î Î Î Î Î Î T  f  Î  T  Î 
•> X 
hxi I i  M  1  1  1  1 1  
Fig. 34. Thin, infinite plate with a circular hole 
subjected to a uniaxial tensile stress P 
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The analytical solution for the distribution of the stresses about 
the hole, along the x axis, and along the y axis is determined by many 
authors. Dally and Riley (4). 
The stresses along the x axis are given in the following forms; 
_ P / R= 3R^ . 
^xx - 2 ( p- - pT- ) 
5R^ . 3R4 X 
Ovv - T (2 -^yy 2 ^ y2 y" ' 
Oxy — 0 (114) 
Also, the stresses along y axis are expressed as follows: 
- ir ) 
*YY - I (2 - #5 -^ + #5  ^ ) 
CTj^y = 0 (115) 
The numerical solution to this exterior problem was analyzed by the linear 
displacement discontinuity method using 20, 40, 60 and 80 segments approx­
imation to the circular boundary. The influence coefficients for this 
problem are the same as those for the circular disk, and only the boundary 
conditions are different. The problem of a circular hole in an infinite 
plate involves nonzero stresses at infinity. This case was handled by 
subjecting the boundary of the circular hole to the negative of the stress 
that would exist if the hole were not present. Since Oyy = P and 0 
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and Ojjy = 0, the normal and the tangential stresses along the periphery of 
the circular hole can be written as: 
On = Oyy sin^ 0 
Og = -Oyy sin 9 COS 6 (116) 
where 9 is the angle between the outward normal and the horizontal plane 
as shown in Fig. 35. 
Fig. 35. Normal and tangential directions 
The complete solution is given by the sums of the stress change due 
to the presence of this circular hole and the original condition where the 
hole did not exist. This guarantees that the resultant normal and shear 
stresses vanish along the boundary of the hole, unless additional boundary 
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loads are imposed. 
The circumferential stress at point y/R = 1.01 as function of the 
number of nodes for a circular cavity in an infinite body under a uniaxial 
stress field at infinity is shown in Fig. 36. This figure shows that the 
numerical results obtained by employing the linear displacement disconti­
nuity method, as explained in this treatise, are closer to the exact solu­
tion than the results obtained by Crouch or Crawford and Curran. This 
better performance is more obvious when only a small number of nodes per 
quadrant is employed. 
Stresses computed at various points along the axis of symmetry of the 
circular hole are compared with the exact values in Fig. 36. The numerical 
solutions are derived for the case that V = 0.2 and P/G = 10^. Again, the 
agreement between the numerical and analytical solutions is evident, par­
ticularly when the number of nodes per quadrant is increased. 
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V 0 — Exact solution 
O Crouch's solution 
y Crawford's solution 
o Linear D. D. 
0.95 
Fig. 36a. Tangential stresses vs. number of nodes 
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Exact solution 
D N = 20 













Fig. 36b. Radial stress for a circular cavity In an 
infinite body under uniaxial stress field 
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36c. Tangential stress for a circular cavity in an 
infinite body under uniaxial stress field 
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t  î  î  t  
Exact solution 
1 1 1 1 1 1 1" " I I 
0. 1. 2. 3. 4. 5. 6. 7. 8. 9. 
x/R 
36d. Tangential stress for a circular cavity in an 
infinite body under uniaxial stress field 
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Exact solution 
O N = 20 
o N = 80 
0.  1.  2.  3.  4 .  5.  6.  7 .  8 .  9.  10.  
x/R 
Fig. 36e. Radial stress for a circular cavity in an 
infinite body under uniaxial stress field 
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CONCLUSION 
The linear displacement discontinuity elements have been shown to 
yield better results than those obtained by employing the constant displace­
ment discontinuity elements. A number of classical elasticity problems 
were presented to illustrate their improved accuracy. 
The analytical solution showed that the normal and shear stresses 
tend to infinity at the ends of the discontinuity. Using the approach out­
lined in this paper to overcome the stress singularities, it was shown that 
it is possible to obtain a significantly better approximation of stresses 
than those obtained by Crawford and Curran's method, particularly at and 
around the periphery of the body under study (2). 
The technique used to integrate the fundamental solution required a 
decomposition of the interval of integration (2c) into three subdomains 
(-C, -c + y), (-C + y, c - p) and (c - y, c). Various values of y resulted 
in different stress and displacement distributions. The optimum value of 
y was obtained by comparing the stress and displacement values to the test 
cases where a closed form of stress and displacement distributions is avail­
able. The conclusion reached is to assign à value for y equal to one half 
segment width whenever stress or displacement singularities occur. 
From the investigation of the pressurized line crack problem in an in­
finite body, it was observed that employing an approximate value of y will 
lead to numerical results in very close agreement with the exact solutions. 
These results were superior to those achieved using the linear displacement 
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discontinuity elements employed by Crawford and Curran. This improvement 
in both stresses and displacements was noticeable for a small number of 
nodes. As the number of equations is increased, the rate of convergence to 
the exact solution was more rapid for the higher-order displacement discon­
tinuity elements than that of the linear elements. Therefore, it can be 
concluded that for a small number of equations, there is no need for em­
ploying higher-order elements if an appropriate value of y is used. 
Two classical elasticity problems were analyzed by the general linear 
displacement discontinuity method. In the first problem, a circular disk 
is subjected to diametral compression P over two arcs of length 2aR. The 
numerical approximations to the exact solution were obtained for the cases 
where the disk is divided into 20, 40 and 80 straight line segments. The 
numerical solutions for the normalized stresses Oxx/P and Oyy/P along the 
vertical and horizontal diameters were in close agreement with the exact 
values. However, they showed little improvement over the results obtained 
by Crouch's constant displacement discontinuity method. 
The merit of the linear displacement discontinuity method is more 
noticeable in the second problem where a circular hole in an infinite body 
is under uniaxial stress at infinity. Fig. 36a shows the improvement of 
the normalized stress value at y/R along the loaded diameter when compared 
with the exact value. Crouch's value and Crawford and Curran's results. 
The linear displacement discontinuity method as explained in this treatise 
is superior to the other methods when the hole is divided into a small 
number of elements N. The superiority of this method is less obvious when 
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the number of elements N is increased. Also, the rate of convergence 
toward the exact solution is less rapid than Crawford and Curran's method. 
The results obtained from the linear displacement discontinuity 
method as explained in this treatise showed that the order of the displace­
ment discontinuity as a function of x is immaterial. No matter what the 
order of this polynomial is, the stresses will always be singular at the 
extreme nodes of the line segment over which the displacement discontinuity 
is specified as a function of x. If the numerical procedure as explained 
in this treatise is employed to overcome the indeterminacy at the singular 
nodes, the stress and displacement expressions will always be functions of 
an arbitrary value y. A different value of y might overestimate or under­
estimate the exact solution. Only one value of y will give the closest 
possible result to the exact value. This treatise did not furnish any 
means for finding this optimum value of y. This task can be left as a 
possibility for further research i.e., find a way to obtain this optimum 
value of y, and if used it will improve the numerical results and draw it 
to a better agreement with the exact solution. 
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APPENDIX A 
THIS PROGRAM COMPUTES THE NORMAL DISPLACEMENT & THE NORMAL STRESS 
ALONG THE PLANE OF A PRESSURIZED LINE CRACK IN AN INFINITE BODY. 





GENERATION OF THE NODAL POINTS 
Y0=0. 
Z=10./(2.*N) 




DO 2 1=2,N+1 
2 X(I)=X(I-1)+2.*Z 
FORMATION OF THE MATRIX OF INFLUENCE COEFFICIENTS 











DO 4 1=1,N-1 




5 FORMAT(40X,20H NUMBER OF ELEMENT =,I3,/,50X,4H L.D) 
DO 6 1=1,N-1 




COMPUTATION OF THE NORMAL STRESSES ALONG THE HORIZONTAL AXIS 
DO 9 1=1,M 
Y0=0. 








10 FORMAT(45X,15H NORMAL STRESS.) 
DO 11 1=1,M 





THIS PROGRAM USES THE LINEAR DISPLACEMENT DISCONTINUITY. METHOD TO 
SOLVE BOUNDARY VALUE PROBLEMS IN TWO-DIMENSIONAL,ISOTROPIC,LINEAR 
ELASTICITY FOR FINITE AND INFINITE BODIES. 






+SUM3, AIYY, AIXX, AIXY, A2YY, A2XX, A2XY, ANYY, ANXX, ANXY, B lYY, BIXX, BIXY, 
+B2YY,B2XX,B2XY,BNXX,BNYY,BNXY,Z,Y3,Y4,Y5,MU,V,FYY,FYYY,FXYY,GYYY, 
+GXYY, GXY, GYY, FXY, FYYB, FYYYB, FXYYB, FXYB 
INTEGER I,J,N,M,K 
THE USER HAS TO SUPPLY THE FOLLOWING INFORMATIONS: N THE NUMBER 
OF STRAIGHT-LINE BOUNDARY SEGMENTS USED TO DEFINE THE BOUNDARY 
CONTOUR. NU THE POISSON'S RATIO. E THE MODULUS OF ELASTICITY. 
THE LENGTH OF SEGMENT MU. FINALLY P THE EXTERNAL APPLIED STRESS. 
WRITE(6,1) 
1 FORMATCO',35X,45H THE LINEAR DISPLACEMENT DISCONTINUITY METHOD,/ 
+,45X,27H APPLIED TO A CIRCULAR DISK,/,41X,35H UNDER SPECIFIED BOU 
+NDARY CONDITION,/,41X,35H !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!,/) 
WRITE(6,*) ' IF THE PROBLEM IS A CIRCULAR DISK TYPE 1 
READ(5,*) K 
WRITE(6,*) ' NUMBER OF ELEMENTS N=' 
READ(5,*) N 
WRITE(6,*) ' RADIUS OF THE DISK R=' 
READ(5,*) RR 
WRITE(6,*) ' POISSON"S RATIO NU=' 
READ(5,*) NU 
WRITE(6,*) ' MODULUS OF ELASTICITY G=' 
READ(5,*) G 
WRITE(6,*) ' LENGTH OF SEGMENT MU=' 
READ(5,*) MU 
WRITE(6,2) 
2 F0RMAT('0',4X,72H EXTERNAL APPLIED STRESSES.APPLY SIGN NEGATIVE 
+ FOR COMPRESSIVE STRESSES,) 
READ(5,*) P 
GENERATION OF THE STRAIGHT-LINE BOUNDARY SEGMENTS: THE X,Y COO­
RDINATES OF THE BEGINNING AND THE END OF EACH LINE SEGMENT.ALSO 



















DESCRIPTION OF THE BOUNDARY CONDITIONS IN THE NORMAL AND THE 
TENGENTIAL DIRECTIONS. 
DO 4 1=1,N 
B(I)=-P*V*(SW(I)**2) 
4 B(I+N)=P*V*SW(I)*CW(I) 
IF(K.NE.l) GO TO 6 










DO 7 1=2,N 
7 AN(I)=AN(I-1)+ALPHA 




9 FORMAT(*0',9X,8H ELEMENT,lOX,7H XNODE1,10X,7H YNODE1,10X,7H XNODE 
+2,10X,7H YN0DE2,10X,6H ANGLE) 
DO 10 1=1,N 
10 WRITE(6,11) I,XN(I,1),YN(I,1),XN(I,2),YN(I,2),AN(I) 
11 FORMAT(10X,I5,10X,F10.5,4(9X,F8.5)) 
118 
DO 12 1=1,N+1 





FORMULATION OF THE MATRIX OF INFLUENCE COEFFICIENTS. 
DO 17 1=1,N 









IF(J.EQ.I) GO TO 13 
IF(J-l.EQ.I) GO TO 14 
IF(J+1.EQ.I) GO TO 15 
IF(J.EQ.N.AND.I.EQ.l) GO TO 15 
IF(J.EQ.l.AND.I.EQ.N) GO TO 14 













GO TO 16 
14 MU1=MU 


































B2YY=- (GYY-Y(I,J+1)*GYYY)*S(J+1) -Y(I,J+1)*GXYY*C (J+1) 
A1XY=-Y(I,J)*FXYY*C(J)+(FYY+Y(I,J)*FYYY)*S(J) 
ANXY=-YB(I,J)*FXYYB*CB(J)+(FYYB+YB(I,J)*FYYYB)*SB(J) 
A2XY=-Y (I, J+1 )*GXYYAC ( J+1 )+(GYY+Y (I, J+1 )*GYYY)*S ( J+1 ) 
B1XY=Y(I,J)*FXYY*S(J)+(FYY+Y(I,J)*FYYY)*C(J) 
BNXY=YB(I,J)*FXYYB*SB(J)+(FYYB+YB(I,J)*FYYYB)*CB(J) 
B2XY=Y(I, J+1)*GXYY*S ( J+1)+(GYY+Y (I, J+1)*GYYY)*C (J+1 ) 
QXX=A1XX*C(J)**2+A1YY*S(J)**2-2.*A1XY*C(J)*S(J)+ 




+ B2XX*C (J+1 )**2+B2YY*S ( J+1 ) **2 - 2. *B2XY*C ( J+1 ) *S ( J+1 ) 
120 
QYY=A1XX*S(J)**2+A1YY*C(J)**2+2.*A1XY*C(J)*S(J)+ 

















18 FORMATC'O',38X,39H THE Y AND X DISPLACEMANT AT EACH N0DE,/,38X,6 
+H DY(I),31X,6H DX(I)) 
DO 19 1=1,N 
19 WRITE(6,20) R(I),R(I+N) 
20 F0RMAT(29X,F20.10,14X,F20.10) 








23 FORMATC5X,36H X AND Y COORDINATES OF THE M POINTS) 
READC5,*) CSW(I),I=1,M) 
READC5,*) CCWCI),I=1,M) 
DO 24 1=1,M 




COMPUTATION OF STRESSES AND DISPLACEMENTS AT SPECIFIC POINTS IN 
THE BODY UNDER CONSIDERATION. 






















































26 FORMAT(/,34X,8H SIGMAXX,12X,8H SIGMAYY,12X,8H SIGMAXY) 
V=2.*G/(8.*3.141592654*Z*(1.-NU)) 
IF(K.EQ.l) P=0. 
DO 27 1=1,M 
27 WRITE(6,28) V*SXX(I),P+V*SYY(I),V*SXY(I) 
28 FORMAT(22X,3F20.5) 
29 F0RMAT(32X,52H STRESSES FROM THE LINEAR DISPLACEMENT DISCONTINUIT 
+Y) 
END 
